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General introduction 

1.1 Uncertainty modelling of geo-spatial objects 
As a basic GIS operation, the area of a polygon is calculated from the 
coordinates of the vertices representing its boundary. Uncertainty in 
coordinate values leads to uncertainty in area calculation (van Oort et al. 
2005). Traditional probability theory has been used for modelling error 
propagation in spatial objects. Positional uncertainties are mainly caused by 
measurement errors in airborne laser scanning (Zhang and Goodchild 2002), 
whereas analytical approaches have been developed for modelling uncertain 
points (Thapa and Bossler 1992) and lines (Shi and Liu 2000). Models for 
uncertain polygons are mostly based on models for points and lines, as the 
uncertain location of the outline of a polygon is specified by the joint 
probability distribution function of its primitive points (Zhao et al. 2010). 
Research has been conducted to model the uncertainty of individual polygons 
(Bondesson et al. 1998; Griffith 1989; Magnussen 1996). Prisley (1989) 
derived variance and covariance equations from an area equation that 
required the coordinate values of each polygon’s centroid. Based on the work 
of Chrisman and Yandell (1988), van Oort (2005) derived variance and 
covariance equations, which are independent of polygon centroid coordinates. 
In most of the above studies, assumptions were made that the uncertainty in 
the area of a polygon originated from the uncertainty of the vertices defining 
its outline. Liu and Tong (2005) developed an error model to describe the 
influence of line uncertainty on the uncertainty of polygon area where the 
effect of uncertainty in parametric curves on the uncertainty of polygon area 
however was not explicitly modelled. The main reason is that an error model 
for parametric curves is complicated as the error may be either in the 
endpoints or in the parameters (Chrisman and Yandell 1988). Since spatial 
objects derived from remote sensing data may have gradual transition 
boundaries (Stein et al. 2009), estimating the probability density function 
(pdf) for each polygon vertex may be difficult. In addition, georeferencing of 
remote sensing data and manual digitization may introduce correlations 
between boundary points (Heuvelink et al. 2007). 
 
Alternatively, uncertain spatial objects can be modelled by random sets. 
Extraction of objects and their representations by uncertain extents such as 
transition zones, are considered as elements of uncertainty modelling (Stein 
et al. 2009). Random sets were originally developed for the study of 
randomly varying geometrical shapes (Stoyan and Stoyan 1994) and for 
image segmentation (Epifanio and Soille 2007). Zhao (2010) used random 
sets to model the uncertainty of wetland derived from satellite images. It 
quantifies extensional uncertainty of spatial objects and models the broad 
boundaries extracted from images (Zhao et al. 2011b). Its parameterization 
is adapted for monitoring seasonal dynamics of wetland variation and 
interannual changes of wetland inundation extents (Zhao et al. 2011a). In 
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this way, a natural entity with uncertainties is treated as random sets in 
population space. The objects derived by digitizing, thresholding or 
segmentation of image data were modelled as a set of observations in 
sample space. A statistical analysis helps to understand the characteristics of 
the sample. 

1.2 Laser scanning 
Laser scanning is an active remote sensing technique which provides range 
measurements between the laser scanner and the illuminated object. 
Advantages such as fast data acquisition and rapid-processing time, high 
accuracy and point density, and low costs have caused LiDAR (light detection 
and ranging) to be preferred over traditional aerial photogrammetric 
techniques. Airborne LiDAR measures the height of the ground surface and 
other objects in large areas with a resolution and accuracy hitherto 
unavailable, except through labour-intensive field survey or photogrammetry. 
Laser scanners nowadays can acquire point clouds with densities of 20-50 pts 
m-2 from airborne platforms. These point densities enable the use of laser 
scanning data for various mapping tasks. Studies on the use of laser points 
typically focused on the applications such as DTM generation (Hodgson and 
Bresnahan 2004; Kraus and Pfeifer 2001), 3D building modelling (Brenner 
2005), change detection (Matikainen et al. 2003), and determination of forest 
stand characteristics (Næset 2004; Nilsson 1996; Streutker and Glenn 2006; 
Yang et al. 2013). In the context of road furniture and forest inventories, 
algorithms for the detection of pole-like objects have been developed 
(Brenner 2009; Pfeifer et al. 2004).  
 
So far, research has barely addressed the extraction of road geometries. 
Initially, road centrelines were extracted from intensity imagery (Clode et al. 
2004; Clode et al. 2005) or TIN segments (Abo Akel et al. 2005) created 
from point clouds with a density lower than 1 pt m-2. Subsequently, attempts 
were made on the delineation of road edges from 20 cm elevation grid 
(Rieger et al. 1999) and 0.5 m spacing point data (Hatger and Brenner 2003) 
using road centrelines from existing road databases. Recently, positions of 
road curbs have been located in the MLS (mobile laser scanning) data and 
then used as indication to further classify the points into road and road edge 
(Denis et al. 2010; Yu and Zhang 2006; Zhang 2010). Low density point data 
collected from airborne platforms developed at the preliminary stage only 
make possible the extraction of road centrelines that are hardly suited for 
many applications. Road centrelines obtained from existing databases can 
assist the delineation of road edges to some extent, but they are not always 
available in practice. Road curbs have been located in the point data acquired 
form MLS platforms. Using MLS platforms to collect the data for a large area 
for example, in a big city, however, is a labour-intensive task and mostly 
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laser beams are occluded by moving and street objects, resulting into an 
incomplete dataset. Therefore, it is necessary to develop a method that can 
automatically extract the traffic islands from high density laser points 
collected from recent airborne platforms. The results acquired from this fast 
mapping algorithm can be used to update existing large-scale road databases 
in a large area and are also suited for other urban applications. 
 
Object boundaries have been successfully extracted from airborne laser 
scanning data (Hatger 2005; Rottensteiner 2010; Rutzinger et al. 2011a). 
Few approaches, however, take the accuracy of the data explicitly into 
account. This is probably due to the fact that the data accuracy information is 
rarely available to data users, but only accessible to data suppliers or system 
manufacturers (Hatger 2005). Hence, if we can obtain data accuracy from 
the data suppliers, there is still much room to improve or to model the 
accuracy of the extracted objects. The accuracy is mainly affected by the 
planimetric errors, vertical errors, and point density. Planimetric errors cause 
extensional uncertainties. Vertical errors mainly determine the parameters of 
the applied point segmentation algorithms, where the height variation in the 
laser points is treated as intensity or colour variations, similar to the 
treatment in image segmentation algorithms (Felzenszwalb and Huttenlocher 
2004; Grady and Schwartz 2006). Point density has a major influence on the 
reliability of detected objects. In the case the point density on the mapped 
objects is low, they cannot be reliably detected (Velizhev et al. 2012). It is 
essential to develop a generic method for modelling the accuracy of traffic 
islands that can consider effects caused these three factors. Such a method 
might then analyse the contributions of different factors to the entire 
uncertainty and successively improve modelling accuracy. 

1.3 Traffic islands 
Traffic islands, as important objects in urban areas, play an essential role in a 
range of applications, such as urban environment management, traffic safety 
improvement, and vehicular emission reduction. In most urban areas, 
a traffic island is a solid object with raised curbs in a road that is used to 
channelize motorized and cycling traffic. For pedestrians it serves as a safety 
island refuge where they may pause mid-crossing (Elvik 2003; Shahi and 
Choupani 2009). Longer traffic islands, also called traffic medians, are strips 
e.g. in the middle of a road, between two road strips or between a road and a 
cycling path, that serve the divider function over a longer distance (Glennon 
and Hill 2004; Persaud et al. 2001). Additionally, traffic islands minimize 
points of conflict between pedestrians and motor vehicles and therefore 
prevent specific traffic behaviour (Baek and Hummer 2008; Gårder 2004; 
Russell et al. 2000; Zegeer et al. 2002). Furthermore, traffic islands have the 
advantage of cutting down vehicular emissions and fuel consumption by 
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reducing vehicle idling time at the intersections, and therefore have a 
positive effect on the urban environment (Mandavilli et al. 2008). 
 
As part of an urban road network, traffic islands are frequently built, 
removed, and modified due to the fast growth and change of urban cities 
(Zhang and Couloigner 2004). City-wide inventories are therefore needed to 
keep road databases up to date. Currently, road network databases are 
updated using ground surveys, driving along roads with GPS (Czerniak and 
Reilly 1998) and analysing satellite images to register changes (Zhang 2004). 
While image-based road updating approaches have had success 
(Baumgartner et al. 1999; Hinz and Baumgartner 2003), their accuracy is 
directly tied to the accuracy of the data (Klang 1998) and the object model 
used for road extraction (Gerke et al. 2004). Moreover, the accuracy of a 
road network detected from high resolution satellite images is highly 
dependent upon the complexity of urban scenes and results are hardly 
suitable for applications based on large-scale maps (Gaetano et al. 2011).  

1.4 Research objectives and questions 
The objective of this research was to develop a generic method for traffic 
island detection from both ALS data and MLS data and to use random sets to 
model the uncertainty in the detected traffic island polygons associated with 
the random errors and different point densities. To achieve this aim, the 
following specific research questions were addressed: 
 
How to detect and model the traffic islands from both ALS and MLS data and 
what is the accuracy of the extracted traffic island polygons? 
 
How to use random sets to model the uncertainty of extracted traffic islands 
and what is the advantage of using random sets over traditional uncertainty 
modelling approaches? 
 
How to model the integrated impact of planimetric and vertical errors in the 
laser data as well as the point density on the uncertainty of extracted traffic 
island polygons? 
 
How to improve the uncertainty modelling accuracy by considering the 
geometry and morphology of traffic islands? 

1.5 Study area and available data 
The study was carried out in Enschede, a city for some 160,000 inhabitants, 
located in the eastern part of the Netherlands. Like other European towns 
and cities, its existing road network has been frequently extended, 
maintained, and modified to meet fast urban growth and sustainable 
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development. The challenge facing urban planners and politicians is to 
balance the demand for increasing personal mobility and economic growth, 
i.e. to respect the environment and provide an acceptable quality of life for 
all citizens. For these reasons, road databases have to be kept up to date and 
airborne laser scanning (ALS) is a promising technique to do so. 
 
LiDAR data were acquired with a FLI-MAP 400 system (Fugro Aerial Mapping 
2011a) with forward, nadir, and backward looking scan directions. The 
system consists of an airborne laser scanner, two digital cameras and two 
video cameras. The dataset contains 15 strips with a point density of 20 pts 
m-2 and was recorded at a flight height of 275 m above ground in Enschede, 
The Netherlands. It covers an area of 11 km2 in the city centre where traffic 
islands are mostly used to direct and control the traffic flow. 
 
The MLS data used in this study were acquired with an Optech LYNX system, 
which has two 360O rotating laser scanners mounted at the back side of the 
vehicle and scanning in tilted planes oriented perpendicular to each other and 
both at a 45 degree angle with the driving direction. Each scanner rotates 
with 150 Hz and has a measurement rate of 100 kHz (Optech 2007). This 
sensor setup is designed to minimise shadow effects which might be caused 
by occluding objects. In Enschede, a track of approximately 8 km was 
surveyed in 2008 in an area that overlaps with the area of the FLI-MAP 
dataset. (Rutzinger et al. 2011a) . 
 
In this study, the airborne data were used for detection and analysing the 
accuracy of traffic islands. We used the mobile data to generate point 
datasets with different point spacings. By using these datasets, the 
dependence of the accuracy on the point spacing can be analysed, and the 
mobile data in this way can assist the sensitivity analysis. 

1.6 Outline of the thesis 
This thesis consists of six chapters. Chapter 2-5 correspond to the scientific 
output of the research that has been already published by or submitted to ISI 
journals. This is organized as follows: 
 
Chapter 2 proposes and implements a curbstone detection method in both 
ALS and MLS data. 
 
Chapter 3 proposes and implements an application of random sets to model 
uncertainty of road polygons extracted from airborne laser points. The impact 
of planimetric errors in the point data on the uncertainty of extracted road 
polygons is properly analysed. 
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Chapter 4 proposes and implements a random set approach for modelling 
integrated uncertainties of traffic islands derived from airborne laser scanning 
points and focuses on the impact caused by planimetric and vertical errors as 
well as the point density. 
 
Chapter 5 proposes and implements an approach for uncertainty modelling of 
traffic islands using geometrically constrained random sets in airborne laser 
points. 
 
Chapter 6 summarizes the conclusions of this work and answers the scientific 
questions. It describes the main contributions of this work to the state of art 
traffic island detection and uncertainty modelling methods and gives outlook 
into additional research aspects that can be considered in future studies. 
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2. Mapping curbstones in airborne and 
mobile laser scanning data 

This Chapter is based on:  
Zhou L, and Vosselman G 2012 Mapping curbstones in airborne and mobile laser 
scanning data. International Journal of Applied Earth Observation and Geoinformation 
18: 293-304 

 



Mapping curbstones in airborne and mobile laser scanning data 

2.1 Introduction 
Large scale road maps can be used for a variety of applications, such as 
intelligent transportation systems, location based services, car navigation 
systems and traffic safety analysis. The road map usually contains the 
boundary between the road surface and the adjacent pavement, where the 
curbstone appears. Hence, precise and automated detection and modelling 
the curbstone from modern sensor data is of special interest for road map 
production and updating. In this paper a method for curbstone detection from 
both ALS data and MLS data is presented and its performance is analysed in 
three different scenes. 
 
Laser scanners nowadays can acquire point clouds with densities of 20-50 
pts/m2 from airborne platforms and over 1000 pts/m2 from mobile platforms. 
These point densities enable the use of laser scanning data for various 
mapping tasks. Previous research on use of laser points typically focused on 
the applications such as DTM generation (Kraus and Pfeifer 2001), 3D 
building modelling (Brenner 2005), and change detection (Matikainen et al. 
2003). In the context of road furniture and forest inventories, algorithms for 
the detection of pole-like objects have been developed (Brenner 2009; Pfeifer 
et al. 2004; Rutzinger et al. 2011b). 
 
Several studies attempted to extract road geometries from ALS data with 
various densities. Clode et al. (2004) presented a method for automatic 
detection of roads from ALS data with a point density of 1 pt/m2 by using the 
intensity information and DTM created from the last pulse. This approach was 
improved by using areas classified as building or vegetation as constraint 
(Clode et al. 2005). Road centrelines were obtained by thinning and 
vectorising the binary road image. Abo Akel et al. (2005) detected road areas 
in smooth TIN segments generated by a region growing segmentation 
algorithm. These smooth segments were then classified as road areas and 
building areas based on size and shape characteristics. Road network 
centrelines were extracted from classified road segments by applying 
morphological operations. Rieger et al. (1999) used the surface slope in a 20 
cm elevation grid to detect roads in mountainous areas. Road edges are 
extracted by using the Förstner operator (Förstner and Gülch 1987) and gaps 
are bridged by snakes. Hatger and Brenner (2003) extracted the properties 
of the road centrelines obtained from database in laser scanning data with a 
point spacing of 0.5 m. Height profiles across the road were split into straight 
segments. The end points of segments with low slopes were used to fit 
straight lines and taken as road sides. 
 
Positions of road curbs have been located in the MLS data and then used as 
indication to further classify the points into road and road edge. Yu and 
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Zhang (2006) proposed a road curb extraction algorithm based on a four-
layer laser radar. The initial curbs (beginning segments of curbs, having an 
orientation similar to the ego-motion of the vehicle) are extracted from the 
range data and then extended using an extended Kalman filtering technique. 
Finally, curbs are tracked between frames in order to stabilise the results. 
Zhang (2010) introduced a method to identify road regions and road edges. 
First, the elevation-based signals are processed by filtering techniques to 
identify the road candidate region. Pattern recognition techniques are used to 
determine whether the candidate region is a road segment. Then the line 
representation of the projected signals on the ground plane is identified and 
compared to a simple road model in the top-down view to determine whether 
the candidate region is a road segment with its road edges. The line 
segments nearly perpendicular to the road segment are identified as 
additional curb segments. Denis et al. (2010) presented a method for 
extracting and modelling urban roads as 3D surfaces, using MLS points and 
existing 3D road axes derived from aerial photos. Pavement edges are 
detected by a curbstone detection method (Vosselman and Zhou 2009), and 
then ordered and connected. The pavement edges from both sides of a road 
are associated to the corresponding road segments of 3D road axis. Finally, 
the road surface associated to a road segment is delineated from the 
corresponding pavement edges. 
 
In the context of urban driving assistance systems, straight and curved curbs 
are detected and modelled from points generated by dense image matching. 
The curb detection algorithm presented in (Oniga et al. 2008) detects curbs 
as chains of segments on the DEM built from 3D dense stereo data. A method 
to significantly reduce the noise from dense stereo matching was proposed 
using a multi-frame persistence map. Temporal filtering was performed on 
edge points based on the ego car motion and only persistent points were 
validated. A Hough accumulator for lines was built with the persistent edge 
points. A scheme for extracting straight curbs (as curb segments) and curved 
curbs (as chains of curb segments) was proposed. Each curb segment was 
refined using a RANSAC approach to fit optimally the 3D data of the curb. In 
(Se and Brady 1997), a vision-based kerb detection system is described 
which uses the Hough Transform to find clusters of parallel lines in the image 
as evidence for a kerb. This is combined with a stereo vision-based obstacle 
detection algorithm. An error analysis of the obstacle detection algorithm 
enables the kerb height, and its uncertainty, to be determined. Siegemund et 
al. (2010) extracted curbstones using a car mounted stereo video camera for 
the purpose of driver assistance. Point clouds were extracted by dense image 
matching. With a loopy belief propagation (MacKay 2003) on a Conditional 
Random Field (Lafferty et al. 2001) the 3D points are labelled as street or 
street adjacent. Parameters of 3D curbstone models were estimated by fitting 
the labelled 3D points to a sigmoidal function. 
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The our earlier work (Vosselman and Zhou 2009), curbstones are detected by 
locating the small height jumps near terrain surface in ALS data. This work is 
contained in this paper and extended in several directions. To improve the 
planimetric accuracy of the curbstone location, we fit a sigmoidal function to 
the points near the detected curbstone, similar to (Siegemund et al., 2010). 
Further, the algorithm designed for curbstone detection in ALS data was 
adapted for processing of MLS data. For three areas of different complexity 
curbstones were extracted from both ALS and MLS data. The performance of 
the methods is analysed by comparing the extracted curbstones to GPS 
measurements and manually digitised reference data from orthophotos. 
 
This paper is structured as follows: The properties of the input data for this 
research are described in the following section. The curbstone detection 
method is described in Section 2.3, starting with the detection of potential 
curbstone locations and followed by the outlining of the curbstones and 
adaptations for processing MLS data. In Section 2.4, the completeness, 
correctness and accuracy of the extracted road sides are presented and 
discussed on three different scenes. Finally, concluding remarks are given in 
Section 2.5. 

2.2 Data description 
Airborne laser scanning data was acquired with a FLI-MAP 400 (Fugro Aerial 
Mapping 2011a) system with forward, nadir, and backward looking scan 
directions. The system consists of an airborne laser scanner, two digital 
cameras and two video cameras. The dataset contains 15 strips with a point 
density of 20 pts/m2 and was recorded at a flight height of 275 meters above 
ground in Enschede, The Netherlands. The systematic errors (offsets between 
strips) are in the order of 4-8 cm for XY coordinates and 2-3 cm for Z 
coordinates. The stochastic platform positioning error is about 2-3 cm for X, Y 
and Z coordinates (Vosselman 2008). 
 
The MLS data used in this study was acquired with an Optech LYNX system, 
which has two 360 degree rotating laser scanners mounted at the back side 
of the vehicle and scanning in tilted planes oriented perpendicular to each 
other and both at a 45 degree angle with the driving direction. Each scanner 
rotates with 150 Hz and has a measurement rate of 100 kHz (Optech 2007). 
This sensor setup is designed to minimise shadow effects which might be 
caused by occluding objects. All in all a track of about 8 km was surveyed in 
2008 in Enschede in an area that overlaps with the area of the FLI-MAP 
dataset. The driving speed was between 30 to 40 km/h. This results in a 
point density of approx. 1000 pts/m2 on a solid surface on a distance of 
approx. 10 m. Up to four echoes and intensity values were recorded from 
both sensors (Rutzinger et al. 2011a) . 
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 (a) 

 (b) 
Figure 2.1 Profile of a curbstone in ALS data (a) and MLS data (b). 
 
Typically, the height difference between the driving lane and sidewalk is 
about 10 cm. Since the ranging accuracy of the airborne laser scanner is 
about 1-1.5 cm (Fugro Aerial Mapping 2011b), the small height difference of 
the curbstones can be well observed in the laser scanning data. Figure 2.1 
shows a curbstone in datasets with 20 pts/m2 and 1000 pts/m2 acquired by 
the FLI-MAP 400 and Lynx Mobile Mapper respectively. 

2.3 Curbstone mapping in point clouds 

The curbstone detection method from ALS data consists of three steps. First, 
the locations with small height jumps near the terrain surface are detected. 
These are potential locations of curbstones (2.3.1). Next, midpoints of high 
and low points on either side of the height jump are generated. These points 
are put in sequence to obtain a polygonal chain describing the approximate 
curbstone location (2.3.2). A sigmoidal function is fitted to all points near the 
polygonal chain to increase the accuracy (2.3.2). Finally, small gaps between 
nearby and collinear line segments are closed (2.3.2). Figure 2.2 illustrates 
the total workflow in detail. 
 
Generally, the workflow for curbstone detection in MLS data is similar to that 
in airborne data. However, when the curbstone is viewed from the pavement 
side, the vertical side of the curbstone cannot be seen and a part of the road 
surface will be occluded as well (Figure 2.8). The processing method for ALS 
data needs to be adapted for handling this kind of data gap in MLS data.  
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Figure 2.2 Workflow of the curbstone mapping in ALS and MLS data. 
 
Table 2.1 Values for thresholds in the experiment, more details are given in Section 
2.3.3. 

Threshold (unit) Description Value 
MHD (cm) Maximum Height Difference 25 
HV (cm) Height Variations with the neighbourhood 0.035 
PTD (cm) Point to Terrain Distance 30 
CCLD (m) Connected Components Labelling by Distance 1.8 
MNP (points) Minimum Number of Points in a component 5 
MPA(degrees) Maximum Polygonal Angle 85 
WSS (cm) Window Step Size 15 
MPC Maximum Parameter Correction 0.5 
MNI (times) Maximum Number of Iterations 50 
W Value controlling the slope of the sigmoid 25 
SLC (degrees) Straight Line Collinearity 15 
LED (m) Loose End point Distance 3 

 
This will be discussed in Section 2.3.3. The chosen values for thresholds in 
this experiment are presented in Table 2.1. 

2.3.1 Detection of potential curbstone locations 
To decide whether a point could be near the road side, a neighbourhood was 
defined for each point and the height distribution of the points within the 
neighbourhood was analysed. In the used dataset points a neighbourhood 
radius of 50 cm was adopted. For each point neighbourhood, points are only 
selected as possible points on a curbstone when the following three 
conditions are fulfilled: 
 
 The maximum height difference within the neighbourhood (MHD) should 

be below the maximum expected height of a curbstone plus some 
tolerance for the noise in the range measurement. This condition 
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excluded areas with large height variations due to buildings, trees, cars, 
or other objects. 

 The height variation within the neighbourhood (HV) should be larger 
than the variation caused by the range measurement noise. In the used 
dataset a standard deviation of 3-4 cm already indicated the presence of 
a height signal. 

 The points in the neighbourhood should be close to the terrain surface 
below a height threshold (PTD). For the used dataset a DTM was derived 
by a segment based filtering approach (Perera 2007). This condition 
excluded neighbourhoods with small height differences that may be 
found on roofs. 

 
In some areas of the dataset it was found that the thresholding on the height 
standard deviation (condition 2) led to many detected potential road sides in 
the middle of the road surface. A closer inspection of the data revealed that 
these areas contained data from two different strips (Figure 2.3). The height 
difference of 5 cm between the strips caused a significant increase in the 
calculated standard deviation of the combined points of both strips. The 
errors are caused by smaller sensor calibration errors as well as noise in the 
GPS measurements which locally leads to a small systematic offset 
(Vosselman 2008). In particular the latter component is difficult to repair. To 
avoid the problem caused by these height differences between strips, the 
detection of locations with small height jumps was performed on a strip by 
strip basis. 
 
An example of points with neighbourhoods fulfilling the three conditions listed 
above is shown in Figure 2.4 (a). The selected points are on either side of the 
small jump edge. To obtain an estimation of the jump edge location, the 
points are classified as points belonging to the higher and lower surface by a 
surface growing segmentation algorithm (Vosselman et al. 2004). As a result, 
the points in the neighbourhoods are grouped into a higher and lower 
segment and outliers are automatically removed by the segmentation 
algorithm. For each point on the higher surface the nearest point on the 
lower surface is computed. Vice versa, the nearest point on the higher 
surface is computed for each point on the lower surface. Pairs of points from 
the higher and lower surface are then selected for which both points are each 
other’s nearest point on the other surface. For these point pairs the midpoints 
are taken as an estimation of the jump edge location. With this procedure it 
is ensured that midpoints are only taken between points that are relatively 
nearby. Without using any further information on the distribution of the 
points, the midpoint is the location with the smallest expected error in the 
location of the height jump. Figure 2.4 (b) shows the derived mid points of 
the selected points in Figure 2.4 (a). 
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Figure 2.3 Systematic differences between data of two strips with different colours. 
 

  

(a)                                                          (b) 
Figure 2.4 Selected points around a small height jump, grey points on the road and 
black points on a traffic island (a). Derived midpoints as approximation of the height 
jump location (b). 

2.3.2 Outlining curbstones 
 Reconstructing the line topology 
Although the determined midpoints visually already form a smooth 
description of the road sides, the result obtained so far is just a set of points 
and does not contain any topological information. Within the processed area 
there will most often be various (pieces of) road sides with small height 
jumps (Figure 2.5). To collect the points that belong to the same road side 
piece, a connected component labelling is performed on the midpoints by a 
distance threshold (CCLD). All points that can be connected to each other 
through small steps from point to point are given the same label (Figure 2.6). 
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Figure 2.5 Traffic islands with small height jumps, points are colour coded by height 
with a colour cycle of 0.3 m. 
 

 
Figure 2.6 Connected components of nearby midpoints in different colours. 
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Each connected component is then processed separately. Components with 
less than a minimum number of points (MNP) are ignored as they are most 
likely the result of some low vegetation. For the other components RANSAC 
(Fischler and Bolles 1981a) is used to find a set of points that are on a 
(nearly) straight line. Sorted along the line, these points constitute the initial 
road side polygonal chain that is then extended with further points of the 
component. At both sides of this polygonal chain points are added if they are 
within some distance of the polygonal chain end. Preference is given to points 
for which the vector between the polygonal chain end and the point has the 
smallest angle with the last edge of the polygonal chain. Without specifying a 
maximum for this angle a self-intersection of the polygonal chain may occur 
as a result of local noise in the midpoints. By demanding that the smallest 
angle is below a maximum polygonal angle threshold (MPA), local noise 
cannot lead to a self-intersection as the polygon cannot make a sharp turn. 
As real curbstones do not self-intersect either, the polygonal chains with 
small polygon angles following the mid points of curbstones will not self-
intersect either. The search for points to grow the polygonal chain continues 
until no further nearby points are found or until the added points are close to 
the polygonal chain start node. In this case the polygonal chain is closed. 
 
 Fitting a sigmoidal function along a spline 
As the midpoints are interpolated from the nearest point pairs on both sides 
of a height jump, their accuracy is largely depending on the point density and 
distribution. In order to improve the accuracy of road sides the height jumps 
at neighbouring locations need to be considered together. This is realised by 
least squares fitting of a sigmoidal function to the laser points in a local 
window sliding along the constructed polygonal chains. The sigmoidal 
function (Eq. (2.1)) describes the height 𝑧  as a function of the location 𝑥 
perpendicular to the road side. The variable 𝑤  controls the slope of the 
sigmoid, 𝑥𝑖𝑝  is the inflection point, and 𝑧𝑡  and 𝑧𝑏  are the top and bottom 
height (Figure 2.7 (a)). This function is extended by substituting 𝑥𝑖𝑝 with a 
3rd polynomial which describes the longitudinal shape of the curbstone. The 
resulting Eq. (2.2) describes a 2.5D surface (Figure 2.7 (b)), in which y-
direction is parallel to the road side in the middle of the moving window. 
 
The window is moving along the polygonal chain with a window step size 
(WSS). The length of the moving window is adapted to the local point density 
such that a preferred minimum number of points that allows a good 
estimation available. It is also adjusted according to the local curvature of a 
polygonal chain. When the local curvature is large a small window length is 
preferred. 
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(a)                                                    (b) 

Figure 2.7 Sigmoidal curve (a) and sigmoidal curve surface (b). 
 
The value for 𝑤 is chosen such that points on both the higher and the lower 
surface will be present within the area where the sigmoid function has a 
significant slope. Since small variations in the value for 𝑤 do not affect the 
estimation of the curbstone position, we used a fixed experimental value. The 
remaining unknown parameters in Eq. (2.2) (𝑎0 − 𝑎3, 𝑧𝑡 and 𝑧𝑏) are obtained 
through least squares estimation. The result is a polynomial which is the 
inflection point level set of the sigmoid. This approximates the horizontal 
border between road and non-road points. 
 
The origin in each window is the start point of the polygonal chain inside the 
window. The estimation is iterated until the maximum parameter corrections 
are below some threshold (MPC) or a maximum number of iterations (MNI) is 
reached. As the final result the polynomial position in the middle of the 
window (at local x = ½ window size) is kept. The positions thus obtained for 
all locations of the moving window are connected to obtain the final 
curbstone polygonal chain. 
 
During the detection of potential curbstone locations small height jumps are 
also detected in the areas with low vegetation. The points in vegetation may 
have height differences comparable to those at curbstones, but are typically 
not clearly divided into a lower and higher surface. The fitting results can 
therefore be used to detect these false positives. 
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The road surface and pavement surface are often a little slanted for draining 
the rain water in the urban area. This will make little or no-impact on the 
estimation of the sigmoid, as the resulting height differences in the local 
moving window is not significant. If the curbstone varies in height, but 
remains above the minimum height variation (HV), the estimated height of 
the top surface (𝑧𝑡) will be the average over the used point heights. This does 
not lead to errors in the spline location. 
 
 Closing gaps 
In the results of the previous steps one will often see gaps in the detected 
road sides. These gaps are usually caused by parked cars that are occluding 
the road side or by the absence of curbstones (and height jumps) at carriage 
drives or at road crossing locations for wheel chairs. In order to complete the 
road side descriptions as far as possible, rules were defined for closing small 
gaps between detected road side segments. 
 
 Two straight line segments that are collinear (SLC) are connected if no 

other line segment is present in the gap between them. The same rule is 
also applied to line segments for which the last five points on either side 
are on a straight line with the last point on the other side. 

 Pairs of line segments left after the application of the above rule are also 
connected if the distance between the extension of one loose end and 
the end point of the other segment is below some threshold (LED). 

 
In both cases, only gaps of a certain maximum size will be closed. Line 
segments of a limited length after the completion of the gap bridging 
procedure were removed. The various required thresholds were optimised by 
trial and error. 

2.3.3 Curbstone mapping in mobile laser scanning data 
The above described procedure has been developed for application to 
airborne laser scanning data. The gaps in MLS data caused by occlusion 
require changes for the curbstone estimation in this kind of data. The 
midpoints interpolated from the nearest point pairs will cause errors on the 
invisible part of a curbstone. Hence, instead of using midpoints as candidate 
points for road sides, in the MLS data, the upper points (Figure 2.8 in green) 
are considered as the most accurate representation of the position of a road 
side and will be used as candidate points. Furthermore, the invisible and 
visible sides of a curbstone are also treated differently in the model fitting 
procedure. While the same sigmoid function fitting is performed on the visible 
side, only the upper points (Figure 2.8 in green) are used on the invisible 
side. Here a 3rd order polynomial with a constant height is fit to these points 
in order to get a smooth polygonal chain. 
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Figure 2.8 Gaps of invisible part of a curbstone in MLS data, green points and pink 
points are the nearest point pairs from pavement surface and road surface. 
 
During the data collection trajectory of the moving platform is recorded by 
the system (black points in Figure 2.9). These trajectory points are used as 
guide to determine which parts of the curbstone polygonal chains are visible. 
 
The strategy for choosing the window sizes in MLS data is similar to that in 
ALS data. Since the point density in the MLS data is much higher than in the 
ALS data the window sizes used for fitting can be a lot smaller. 
 

 
Figure 2.9 Selected visible parts of curbstone polygonal chains in black, invisible parts 
in light grey, trajectory positions of moving platform in black points. 
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2.4 Results and analysis 
In this section we first describe the properties of three test sites as well as 
the strategies for collecting the reference data. The performance of 
developed method is analysed by comparing the reconstructed road sides 
with the reference data with respect to completeness, correctness and 
geometrical accuracy. For some locations with larger errors we analysed the 
reasons for the lower performance. 

2.4.1 Test site and reference data 
Three test sites covered by both ALS and MLS data were processed with the 
method described in the previous section (Figures. 2.9-2.11). The first road 
crossing is a larger one with an elevated bus lane, some separated cycle 
lanes and many traffic islands. The second one is a straight road, which is 
heavily occluded by trees. The third one is located in a residential area. The 
total track length of these three sites is over 1000 meters. For each test site 
in ALS data, processing took about one hour on a 2 GHz PC with 2GByte 
RAM. The time for processing the MLS data is two hours because of the 
higher point density. 
 
The collection of reference data is realised in two steps. First, two classes of 
points are surveyed with GPS in the three test sites. One class ‘road point’ is 
measured at the place, where the curbstones are higher than 7 centimetres. 
Another class ‘end point’ is used to mark the point where the height of a 
curbstone vanishes to facilitate crossing with wheelchairs. Points in class one 
and class two are shown in Figure 2.10 in green and red respectively. Due to 
the occlusions of the satellite signal caused by trees and buildings, a 
complete GPS survey was only possible in site No.1 because this area is 
open. In the second step, the GPS measurements are overlaid with 
orthophoto and used as reference for digitizing the road sides. The manually 
outlined road sides are also separated into two classes. The class ‘road side’ 
represents the place, where the curbstones continuously appear and are 
above 7 centimetres in height. The class ‘gap’ indicates a part of a road side 
bounded by a pair of ‘end points’. At these locations the curbstones show no 
or only small height differences in the laser data. Polygonal chains of class 
‘road side’ and ‘gap’ are shown in blue and yellow in Figure 2.10. The usage 
of these two types of reference data is discussed in following section. 
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Figure 2.10 Reference data overlaid with orthophoto. 

2.4.2 Completeness and correctness measures 
The verification of completeness and correctness of the extraction results was 
performed by comparison with road sides that were manually outlined in 
orthophotos. A buffer was taken around the reference road sides and the 
extraction results were labelled as inside or outside the buffer. The 
completeness was defined as the length of the extracted lines inside the 
buffer divided by the length of the reference lines. The correctness was 
defined as the length of the extracted lines inside the buffer divided by the 
length of all extracted lines. The resulting completeness and correctness 
numbers are given in Table 2.2. 
 
As the amount of false alarms near real road lines is very low, the width of 
the buffer can be chosen quite large without running the risk of counting 
other height jump edges as road sides. A buffer width of 50 cm was used for 
the evaluation. We assumed that the gap bridging procedure was able to 
close the gaps in the extracted road sides caused by absence of height jumps 
or occlusion of parking cars. Therefore the complete road map digitised from 
the orthophoto, including ‘gap lines’ is used as reference for the 
completeness and correctness determination. 
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Table 2.2 Completeness and correctness statistics. Between brackets are the results 
without the use of the function fitting as obtained in (Vosselman and Zhou, 2009). 
Test site No.1 No.2 No.3 Average 

 ALS  MLS  ALS  MLS  ALS  MLS  ALS MLS 

completeness 92% 83% 69% 53% 83% 54% 81% (76%) 63% 

correctness 91% 91% 89% 92% 91% 84% 90% (82%) 89% 

 
Although the procedure for the detection of small height jumps does not 
explicitly search for two planes at slightly different heights, it was found that 
only few false alarms were created as evidenced by the high correctness 
numbers in Table 2.2. Most detected height jumps that did not belong to a 
road side were caused by low vegetation. These detected height jumps were 
largely eliminated in the fitting procedure as well as by the check on the 
minimum required segment length. It would be very quick to manually select 
and remove the remaining false detections. Furthermore, the spline fitting 
has a positive effect on the gap closing step, as the curbstone end directions 
become more accurate after fitting. The results in current research show that 
the average completeness and correctness in the three test sites have been 
improved by 5% and 8% respectively. 
 
Since airborne survey is less affected by the moving objects on the road, 
road sides detected from ALS data generally have higher completeness than 
those from MLS data. An inspection of the road sides in the terrain showed 
that all locations with unoccluded small height jumps were detected correctly. 
The deficiencies in the completeness are therefore only caused by the 
absence of height jumps at the road side in open area (site No.1) or by 
occlusion of the road sides by parked cars or trees in residential place (site 
No.3). The occlusion by trees was usually less severe as the airborne survey 
was performed in the leaf-off season and the used scanner returned up to 
four echoes per pulse. Trees did therefore not significantly reduce the density 
of points on the ground. However, locations of small height jumps in site 
No.2 was heavily occluded by very tall trees and parked cars, this leads to a 
low completeness compared to those in site No.1 and No.3. 
 
As the absence of height jumps at the road side is digitised and classified 
‘gap’ in site No.1, the road sides before the gap bridging procedure are 
compared with the digitised ‘road side’ to check the completeness and 
correctness of the detection of road sides with height jumps only.  
 
Table 2.3 shows that the completeness of height jumps in both ALS data and 
MLS data is slightly higher than that of entire road sides. Hence, if the road 
sides in one area are entirely bounded by these height jumps, there is still 
space for improving the detection performance. The correctness of road sides 
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with height jumps is very much similar to that of all road sides in this area, 
because of the small number of gaps in this test site. 
 
Table 2.3 Completeness and correctness of road sides with height jumps. 

Test site No.1 

 ALS data MLS data 

completeness 94% 84% 

correctness 91% 90% 

 
The results of site No.1 in Figure 2.11 show that the road sides are detected 
well in ALS data. The few gaps in the road sides are caused by larger parts 
without height jumps. Also note that the presence of traffic lights or cars did 
not disturb the road side extraction. They also do not lead to false alarms as 
the height differences are much larger than those of curbstones. In contrast, 
moving cars and traffic lights do affect the detection in the MLS data to some 
extent, since no data is surveyed in area occluded by the cars. The occluded 
areas are shown as white no data areas in the right picture of Figure 2.16. 
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(a) 

  
(b)                                                         (c) 

Figure 2.11 Orthophoto of site No. 1 (a) and extracted road sides from ALS data (b) 
and MLS data (c). Points are colour coded by height. 
 
Site No.2 in Figure 2.12 proved to be the most difficult scene. Although 
several cars are parked next to the road side in the upper-left corner, the 
detected pieces of unoccluded road sides could be connected well. However, 
parking lots and traffic islands alternately appear on the south side of this 
road. In combination with the occlusion by very dense tall trees the 
completeness is only 69% and 53% in the ALS and MLS data, respectively. 
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The unoccluded road sides on the south side are mostly incorrectly 
connected, since they are collinear but belong to different traffic islands. 
 
Site No.3 in Figure 2.13 is located in a residential area. The road side 
contains several curves for parking lots. The combination of this more 
complex road side shape, the absent height differences to facilitate crossing 
with wheelchairs and the occlusion by parked cars only allowed a 
completeness of 54% in the MLS data. Although parking cars frequently 
appear next on the road, they have less effect on the detection of road sides 
in ALS data. In this data the completeness can still reach to 83%. 

 
(a) 

  
(b)                                                         (c) 

Figure 2.12 Orthophoto of site No. 2 (a) and extracted road sides from ALS data (b) 
and MLS data (c). Points are colour coded by height. 
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(a) 

  
(b)                                                              (c) 

Figure 2.13 Orthophoto of site No. 3 (a) and extracted road sides from ALS data (b) 
and MLS data (c). Points are colour coded by height. 

2.4.3 Geometrical accuracy 
The accuracy of the extracted road sides was analysed by comparison with 
the GPS measurements. Five hundred points on the road sides of the three 
test sites were surveyed. In the analysis, signed distances between the GPS 
points and the extracted road sides were used. Distances were taken positive 
if the extracted road sides deviated towards the pavement and negative 
when the extracted road sides were on the street. 
 
In the ALS data, the RMS value of the distances between the GPS points and 
the extracted road sides was 0.11 m. The extracted road sides showed a bias 
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of 0.06 m. Around this offset the extracted points had a standard deviation of 
0.09 m. In the ALS data with 20 points/m2 the average point spacing is 0.22 
m. Thus, the accuracy of the extracted road sides is better than half the point 
spacing. Compared to the RMS value of 0.18 m reported in previous research 
(Vosselman and Zhou 2009) the accuracy of the extracted road sides was 
significantly improved in this research. This was the result of employing the 
sigmoid fitting. The distribution of the differences between the GPS points 
and the extracted road sides is shown in Figure 2.14 (a). The large majority 
of the differences are smaller than 0.10 m. The largest observed differences 
are 0.45 m. Figure 2.14 (b) shows a part of the extracted road sides together 
with the locations of the GPS reference measurements. It shows that the 
larger errors occur at road side locations with a high curvature. The sigmoid 
function fitted to the extracted points tends to round off the corners (Figure 
2.14 (c)). This rounding off is the major source of the errors contributing to 
the RMS value of 0.11 m. The bias and standard deviation computed with 
only points at road sides with little to no curvature was 0.03 m and 0.05 m 
respectively. 
 
In the MLS data, the RMS value was calculated separately for the visible and 
invisible parts of exacted road sides. The visible parts are more accurate with 
the RMS value of 0.06 m than the invisible parts with the RMS value of 0.20 
m. The distribution of the differences between the GPS points and the 
extracted road sides is shown in Figure 2.15 (a). For the visible part, the 
large majority of the differences are smaller than 0.05 m. The largest 
observed difference is 0.22 m. The standard deviation of error of the 
distances between the GPS points and the extracted road sides for the visible 
part was 0.05 m with a bias of 0.03 m, rounding off is again the major source 
leading to the large differences (Figure 2.15 (b)). 
 

     
                 (a)                                            (b)                                          (c) 

Figure 2.14 Frequencies of distances (in m) between the GPS points and the extracted 
road sides in ALS data (a). Extracted road sides with locations of reference data 
measured with GPS (b). Largest error caused by rounding off corners in the curve 
fitting (c). 

 29 



Mapping curbstones in airborne and mobile laser scanning data 

 
(a)                                                          (b) 

Figure 2.15 Frequencies of distances (in m) between the GPS points and the extracted 
road sides in MLS data for visible parts (a). Largest error caused by rounding off 
corners in curve fitting (b). 
 
For the invisible part, the distribution of the differences between the GPS 
points and the extracted road sides is shown in Figure 2.16 (a). The large 
majority of the differences are smaller than 0.20 m. The largest observed 
differences are 0.50 m. The standard deviation of error of the distances 
between the GPS points and the extracted road sides for the invisible part 
was 0.11 m with a bias of 0.16 m. Data gaps like in Figure 2.16 (c) are the 
major source leading to the large differences (Figure 2.16 (b)). 
 
Figure 2.17 shows a part of the extracted road sides together with the 
locations of the GPS reference measurements in MLS data. It shows that the 
larger errors occur at road side locations, which are invisible to the scanner. 
As discussed in Section 2.3, the gap on the invisible parts of a road sides is 
proportional to the incidence angle of the laser scanner and point density 
decreases with the increase of laser range. These are the major sources of 
error causing the differences on the invisible parts. 
 

   
                (a)                                (b)                                       (c) 

Figure 2.16 Frequencies of distances (in m) between the GPS points and the extracted 
road sides in MLS data for invisible parts (a). Largest error caused by gaps for the 
invisible parts of road sides in MLS date (b). Data gap in MLS data (c).  
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Figure 2.17 Extracted road sides with location of reference data measured with GPS in 
MLS data. 

2.5 Conclusions 
The results of this study show that the automated extraction of road sides 
from point clouds is feasible and may be of use in mapping processes if the 
road sides are bounded by (unoccluded) curbstones. The only requirement of 
the current algorithm is that the curbstone height exceeds a certain value 
HV, for our data HV = 3.5 cm. If the curbstone height is varying (but above 
HV) the curbstones will be detected well. In hilly terrain the detection will 
also succeed, but in the fitting procedure the sigmoid function will need one 
additional parameter that models the slope of the road. The accuracy of road 
side delineation was significantly improved compared to previous research by 
fitting a sigmoid shaped surface. Parked cars occluding the curbstones were 
found to be the major obstacle in achieving a higher completeness for both 
measurements in ALS and MLS data. While the accuracy of measuring 
curbstones that are visible in the MLS data is clearly higher because of the 
higher point density, the completeness is lower because the curbstones are 
more often occluded by traffic and vegetation due to the more slanted view 
of the sensor. 
 
A better balance needs to be found between smoothing the extracted road 
sides and following the pattern of the detected height jumps. In line 
segments with little to no curvature the lines should be further idealised. In 
contrast, in segments with sharp corners the sigmoid fitting should allow a 
larger variability in the local curvature. The assumption that the curb’s 
characteristic can be modelled using a third order polynomial does not hold in 
all situations. 
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Finally, the localisation accuracy of the road sides as well as the completion 
of the detection may be further improved by the integration with imagery. In 
most laser scanning surveys cameras are used to simultaneously acquire 
optical imagery. As the spatial resolution of this imagery is usually higher 
than that of the point cloud, the imagery can be used to obtain more 
accurate road side outlines. This would lead to a strategy where the point 
cloud processing is primarily targeting a reliable detection of the road sides 
and where the image analysis is responsible for the accurate outlining. The 
image data can also be used to close gaps in the extracted road sides that 
are caused by a local absence of height differences (for carriage drives or 
wheelchair crossings). In many of these cases the surface material of the 
pavement next to the road does not change when the pavement is lowered to 
the road level. Hence, the differences in image colour or texture between the 
road and pavement surface can be used to find the proper connection 
between the road side segments extracted in the laser scanning data. 
 
 
 

32 



3. Application of random sets to model 
uncertainty of road polygons extracted 
from airborne laser points 

This Chapter is based on:  
Zhou L, and Stein A 2013a Application of random sets to model uncertainty of road 
polygons extracted from airborne laser points. Computers, Environment and Urban 
Systems 41: 289-298 

 



Application of random sets to model uncertainty of road polygons 

3.1 Introduction 
LiDAR is a terrain and urban information acquisition technique based on laser 
technology. The use of LiDAR data for urban modelling and visualization has 
received much attention recently. Specifically, digital city modelling is 
benefiting from realistic visualizations. Advantages such as short data 
acquisition and processing times, relatively high accuracy and point density, 
and low costs have caused LiDAR to be preferred over traditional aerial 
photogrammetric techniques. 
 
Laser scanners nowadays can acquire point clouds with densities of 20-50 
pts m−2 from airborne platforms. These point densities enable the use of laser 
scanning data for various mapping tasks. Studies on the use of laser points 
typically focused on the applications such as DTM generation (Kraus and 
Pfeifer 2001), 3D building modelling (Brenner 2005), and change detection 
(Matikainen et al. 2003). In the context of road furniture and forest 
inventories, algorithms for the detection of pole-like objects have been 
developed (Brenner 2009; Pfeifer et al. 2004; Rutzinger et al. 2010).  Recent 
research shows that objects such as traffic islands and pavements can be 
extracted from airborne point clouds (Zhou and Vosselman 2012). Positional 
accuracy of the extracted objects is improved by fitting a sigmoid-shaped 
surface. Uncertainty however still exists in the modelled road polygons due to 
the limitation of designed model and various point densities and distributions 
in different study areas. As the shapes of road polygons are diverse in urban 
areas, the designed mathematical models have their limitations in precisely 
modelling these diverse shapes. Hence, properly modelling this uncertainty in 
the extracted road polygons will be interesting for data users and stimulate 
other applications in urban environments. 
 
As a basic GIS operation, the area of a polygon is calculated from the 
coordinates of the vertices representing its boundary. Therefore uncertainty 
in the coordinate values leads to uncertainty in area calculation (van Oort et 
al. 2005). Traditional probability theory has been used for modelling error 
propagation in spatial objects. Positional uncertainties are mainly caused by 
measurement errors (Zhang and Goodchild 2002). Analytical approaches 
have been developed for modelling uncertain points (Thapa and Bossler 
1992) and lines (Shi and Liu 2000). Models for uncertain polygons are mostly 
based on models for points and lines, as the uncertain location of the outline 
of a polygon is specified by the joint probability distribution function of its 
primitive points (Zhao et al. 2010). Research has been conducted to model 
the uncertainty of individual polygons (Bondesson et al. 1998; Chrisman and 
Yandell 1988; Griffith 1989; Liu and Tong 2005; Magnussen 1996; Næset 
1999; Shahin 1997). Prisley (1989) derived variance and covariance 
equations from an area equation that required the coordinate values of each 
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polygon’s centroid. Based on the work of Chrisman and Yandell (1988), van 
Oort (2005) derived variance and covariance equations, which are 
independent of polygon centroid coordinates. In most of the above studies, 
assumptions were made that the uncertainty in the area of a polygon 
originated from the uncertainty of the vertices defining its outline. Liu and 
Tong (2005) developed an error model to describe the influence of line 
uncertainty on the uncertainty of polygon area where the effect of 
uncertainty in parametric curves on the uncertainty of polygon area however 
was not explicitly modelled. The main reason is that an error model for 
parametric curves is complicated as the error may be either in the endpoints 
or in the parameters (Chrisman and Yandell 1988).  Since spatial objects 
derived from remote sensing data may have gradual transition boundaries 
(Stein et al. 2009), estimating the probability density function (pdf) for each 
polygon vertex may be difficult. In addition, georeferencing of remote 
sensing data and manual digitization may introduce correlations between 
boundary points (Heuvelink et al. 2007). 
 
Alternatively, uncertain spatial objects can be modelled by random sets. 
Random sets were originally developed for the study of randomly varying 
geometrical shapes (Stoyan and Stoyan 1994) and for image segmentation 
(Epifanio and Soille 2007). Zhao (2010) used random sets to model the 
uncertainty of wetland derived from satellite images. It quantifies extensional 
uncertainty of spatial objects and models the broad boundaries extracted 
from images (Zhao et al. 2011b). Its parameterization is adapted for 
monitoring seasonal dynamics of wetland variation and interannual changes 
of wetland inundation extents (Zhao et al. 2011a). In this way, a natural 
entity with uncertainties is treated as random sets in population space. The 
objects derived by digitizing, thresholding or segmentation of image data 
were modelled as a set of observations in sample space. A statistical analysis 
helps to understand the characteristics of the sample. 
 
The aim of this paper is to examine the feasibility of employing random sets 
to model the uncertainty of road polygons derived from airborne laser 
scanning data. This is realized in three steps. First, the uncertainties in 
airborne laser points are simulated and their effect on the uncertainties of 
derived polygons is explored. Second, random sets theory is used to model 
the uncertainties of derived polygons. Third, a statistical analysis is employed 
to estimate the characteristics of the derived polygons. The study is applied 
on a set of six road polygons from the city of Enschede, the Netherlands. 

3.2 Data description 
Airborne laser scanning data used in this study were acquired with a FLI-MAP 
400 system (Fugro Aerial Mapping 2011a) with forward, nadir, and backward 
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looking scan directions. The system consists of an airborne laser scanner, two 
digital cameras and two video cameras. The dataset contains 15 strips with a 
point density of 20 pts  m−2 and was recorded at a flight height of 275 m 
above ground in Enschede, The Netherlands. The systematic errors (offsets 
between strips) are in the order of 4-8 cm for the X, Y coordinates and 2-3 
cm for the Z coordinates. The stochastic platform positioning error is 
approximately 2-3 cm for X, Y and Z coordinates. Planimetric standard 
deviations of 2 cm have been achieved with a little additional calibration 
following Vosselman (2008). This is superior to the accuracy reported in the 
platform specification of 5 cm accuracy in both horizontal and vertical 
directions at the 95% confidence interval. Figure 3.1 highlights the six road 
polygons digitised from the orthophoto, being the subject of the study. More 
details are provided in Sections 3.3 and 3.4.  

        
(a)                                                              (b) 

Figure 3.1 Digitised road polygons (blue) from orthophoto (a), color-coded laser points 
by height with cycle length of 0.3 m (b). 

3.3 Methodology 
The quality of objects derived from remote sensing data depends upon 
properties of the input data and the processing steps. Uncertainty modelling 
of the output objects should include errors in the input data as well as errors 
caused by data processing methods. In this study the positional errors in 
laser points were assumed to have a bivariate normal distribution and were 
simulated by using Markov Chain Monte Carlo (MCMC) simulations (Besag 
2001). A previously developed method (Zhou and Vosselman 2012) was used 
to detect and model the road polygons from the error-contaminated data. 
Every extracted road polygon consists of a sequence of vertices and the 
uncertainty of each vertex is represented by its uncertain line segment. 
Random sets were used to model the uncertainties in the extracted road 
polygons and results of statistical analysis were discussed. The impact of 
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viable distances between two neighbouring vertices and their dependency on 
the uncertainty of derived road polygons is analysed by means of different 
experiments. 

3.3.1 Simulating the positional errors in laser points 
Markov chain Monte Carlo methods consist of a class of algorithms for 
sampling from probability distributions. To conduct an MCMC simulation, the 
probability distribution of random variables should be known. Hunter et al. 
(1996) found that the standard deviation supplied by the data producer is 
useful to simulate random errors. In this research, it is assumed that the 
horizontal error of each LiDAR point has a bivariate normal distribution with a 
mean of zero and a standard deviation (SD) known from data provider. Since 
the vertical error of LiDAR points has less influence on the positional 
uncertainty of a polygon, we do not take it into account. The Metropolis–
Hastings algorithm is applied on the MCMC method for obtaining a sequence 
of random samples from a probability distribution. As the laser points have 
been calibrated to a high degree of accuracy, a planimetric standard 
deviation of 2 cm was achieved. For each laser point, a sequence of 1000 
random samples was selected by the Metropolis-Hastings algorithm from a 

bivariate normal distribution  𝑋~𝒩(𝜇, Σ), where 𝑋 = [𝑥, 𝑦], 𝑢 = �0
0� 𝑎𝑛𝑑 Σ = �4 0

0 4�  

(Figure 3.2). 

 
(a)                                                                                 (b) 

Figure 3.2 1000 random samples selected by Metropolis algorithm (a), theoretical 
bivariate normal distribution with mean of zero and variance of 4 centimetres (b). 
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3.3.2 Mapping road polygons from simulated data 
In urban areas, curbstones often separate the road surface from the adjacent 
pavement. These curbstones are mapped using a three step procedure. First, 
the locations with small height jumps near the terrain surface are detected. 
Second, midpoints of high and low points on either side of the height jump 
are generated, and are put into a sequence to obtain a polygon describing 
the approximate curbstone location (Zhou and Vosselman 2012). A sigmoidal 
function (Eq. (2.1)) is then fitted to the simulated points near the polygon to 
increase the accuracy. We use this function to describe the height 𝑧  as a 
function of the location 𝑥 perpendicular to the road side. In this equation 𝑤 is 
the slope parameter, 𝑥𝑖𝑝 is the inflection point, and 𝑧𝑡 and 𝑧𝑏 are the top and 
bottom height (Figure 2.7 (a)). Further, the longitudinal shape of the 
curbstone is assumed to follow a cubic polynomial 𝑥𝑖𝑝 = 𝑎0 + 𝑎1𝑦𝑖𝑝 + 𝑎2𝑦𝑖𝑝

2 +
𝑎3𝑦𝑖𝑝

3

 where the y-direction is taken parallel to the local road side direction. 
This polynomial is used to substitute 𝑥𝑖𝑝 in Eq. (2.1). The resulting Eq. (2.2) 
describes a 2.5D surface (Figure 2.7 (b)). 
 
The method uses polygons reconstructed by means of the detection method 
and simulated points near the ground surface as input data. A window is 
created and moved along each polygon with a small step size, thus 
determining the number of vertices on each polygon. A smaller step size 
leads to more vertices. By fitting the sigmoidal surface to the simulated laser 
points in the moving window, parameters of a sigmoidal curve in the centre 
of this window are estimated. Even though these parameters are accurately 
estimated by least squares, the position of a vertex is still uncertain, because 
it may appear between the two transitional phases in (Figure 3.4 (a)), with 
boundaries that are also not crisp. In our study, we assumed that the 
position of the vertex varies along the sigmoidal curve from 5% to 95% of its 
height (Figure 3.4 (a)). For each vertex, the positions at the 5% (red points 
in Figure 3.4 (b)) and at the 95% (green points in Figure 3.4 (b)) height of a 
sigmoidal curve are estimated and recorded 1000 times by simulated laser 
points. The uncertainty of each vertex is within the line segment (blue) 
between the innermost and outermost end points (Figure 3.4 (b)) and this 
line segment is defined as the uncertain line segment of a given vertex. 
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(a)                                                        (b) 

Figure 3.3 Uncertain line segments (a) and equally divided uncertain line segments (b). 
 
Random data types can be either random point, random line or random 
regions (Zhao et al. 2009). Random regions can be regarded as random sets 
and used for spatially modelling areal geographic entities, such as clouds, 
dunes, field patches and lakes.  We consider a polygon constructed from the 
uncertain vertices as an element of the random set. The distribution of all the 
elements of a random set is described by its covering function as described 
below. 

3.3.3 Constructing random sets from extracted polygons 
a) Random sets 
We equate the road polygons with a random set X. A random set X on the 
Euclidean space Rn associates a probability value to each element x ∈ Rn. It 
quantifies how likely it is that x belongs to X. The random set X on Rn is a 
function Px: Rn  → [0,1], called the covering function of the random set, taking 
values between 0 and 1. The set  Xα  =  {x ∈  Rn | Px(x)  ≥ α} is the α-level set of 
X, whereas the set X0= { x ∈ Rn | Px(x) > 0 }  is the support set of X and X1 =
 { x ∈  Rn | Px(x) = 1} is the core set of X. We denote the set of all random sets 
in Rn by ℜ(Rn). The mean Xm of the random set has been defined in several 
ways (Stoyan and Stoyan 1994). Following (Zhao et al. 2009), we choose the 
Vorob’ev expectation because it considers sets with a finite number of points. 
In a 2D space I ⊂  𝑅2, the mean area EA of the random set X is then defined 

as EA(X)  =  ∫ PR2 x
(x)dx. According to the definition of the Vorob’ev expectation, 

the set Xm is equal to Xm  =  {x ∈  R2 | 0 ≤ αm ≤ 1 | Px(x)  ≥ αm} where αm is such 
that Xm  has the area EA(X). If αm is not unique, then it is set equal to the 
infimum of all such αms. When αm = 1/2, the mean and median are identical. 
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(a)                                                        (b) 

Figure 3.4 5% (red line) and 95% (green line) height of a sigmoidal curve (a) and 
recorded 1000 positions of them, blue line segments are the uncertain line segments of 
each vertex (b). 

b) Random sets generated by extracted polygons 
The uncertainty of each vertex is represented by a line segment described in 
Section 3.3.2. In order to construct random polygons by means of uncertain 
vertices, the position of each vertex is sampled from its uncertain line 
segment (Figure 3.3 (a)). Oversampling the positions of each vertex along its 
uncertain line segment increases the computation costs, whereas too few 
samples cannot truly represent the distribution of a random set. In this 
experiment, each uncertain line segment has been subdivided into 100 
intervals of equal length (Figure 3.3 (b)). It is assumed that the probability of 
a vertex appearing on its uncertain line segment has a normal distribution. 
 
Approaches for modelling the uncertainty in spatial objects have been 
discussed in (Clementini 2005; Schneider 1996; Tøssebro and Nygård 2008), 
but none has modelled the dependency between adjacent vertices of a single 
object. Dependence exists between adjacent vertices during different 
mapping tasks like digitizing and land surveying. It should be considered 
during the uncertainty modelling. The shape and size of an object vary and 
dependence may change from one mapping task to another. No explicit 
methods exist to model these dependencies. In this study, we assumed that 
the probability distribution of one vertex located along its uncertain line 
segment is positively correlated with the distribution of its neighbours. For 
example, if the probability of a vertex appearing towards the exterior of a 
polygon is high, the remaining vertices are likely following the same 
tendency. In order to model this, the probability of a vertex located on its 
uncertain line segment is modelled as a truncated normal distribution 
depending on an assumed position of the mean.  Because the uncertain line 
segment of each vertex has a different length, a range of ratio values (λ) 
between the length on left and right side of the mean is selected to define 
the positions of mean on each uncertain line segment and probability 
distribution along them will be scaled accordingly. Figure 3.5 shows five 
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assumed positions of means defined as the ratios 0%, 25%, 50%, 75% and 
100%. The truncated normal distribution is simulated with mean = 0 and 
standard deviation = 1 and covers the uncertain line segment within a 6 
sigma precision. 
 

 
Figure 3.5 Truncated normal distribution on an uncertain line segment with mean = 0 
and standard deviation = 1, λ is taken as the ratio between the length on the left 
(green line) and right (red line) side of the mean. 
 
Five groups of 1000 polygons are constructed according to the 5 different 
truncated normal distributions. Each group is treated as a random set and 
the 𝑋1, 𝑋0 and 𝑋𝑚 are calculated by a covering function. For each random set, 
the arithmetic mean of the polygon area is calculated. Then a covering 
function is built for each sampled vertex from its uncertain line segment. The 
core  𝑋1 is made up by those vertices, which are covered by all random 
polygons (pink line in Figure 3.6). The support 𝑋0 is the largest random 
polygon that contains all random polygons (red line in Figure 3.6). 𝑋𝑚 is the 
Vorob’ev mean of a random set, which area is close or equal to the arithmetic 
mean of the random sets (green line in Figure 3.6). 
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Figure 3.6 The calculation of core (pink line), support (red line) and mean set (green 
line) for ratio of 50% (normal distribution). 

3.3.4 Validation 
Two types of reference data were collected for polygon 5 to validate the 
modelling results. From a RTK-GPS field campaign in total eight GPS points 
are selected along the boundary of traffic island 5 (Figure 3.1). The positions 
of these GPS points are preferred at the distinct points of this traffic island, 
which can largely represent its shape. The GPS points have a standard 
deviation below 3 cm. This accuracy was confirmed through re-visiting some 
points after several hours (Gerke 2011). These GPS points are overlaid with 
orthophotos and used as a guide to digitise the complete outline of this traffic 
island. The orthophotos were produced from the aerial photos collected 
alongside the LiDAR data with a spatial resolution of 10 cm. The quality of 
the direct georeferencing was reported as the total system accuracy with a 
standard deviation of 5 cm. As the geographical accuracies of aerial photos 
were correlated to the quality of the LiDAR data, the produced orthophotos 
cannot be considered as a truly independent validation source. The areas of 
the digitised road polygons however can be used to evaluate the area 
variations of derived road polygons as they are not subject to the quality of 
the georeferencing. Good quality of registration between the GPS points and 
orthophotos can be observed in Figure 3.7. These reference data presented in 
Figure 3.7 are used as ground truth and compared with the output from 
uncertainty modelling.  
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Figure 3.7 Reference data in orthophoto, red points are collected by GPS, blue polygon 
is manually digitised on orthophoto by using GPS points as guide. 

3.4 Results 

3.4.1 Effect of step size on the variation of polygons 
To investigate the relationship between the number of vertices and the 
calculated polygon area, different step sizes for the moving window are used 
in the experiment. One traffic island (Figure 3.7) was selected to analyse the 
relationship. 
 
The step size of moving widow shown in Table 3.1 ranges from 10 cm to 40 
cm. Random sets are built up regarding the differences of step size and the 
sets   𝑋0, 𝑋𝑚 and 𝑋1 are calculated accordingly (Figure 3.8). The dependency 
between adjacent vertices has a normal distribution along its uncertain line 
segment in this test. The general trend can be observed that the areas of  𝑋1, 
𝑋0 and 𝑋𝑚 increase slightly with the decrease of step size. If there are more 
vertices on a polygon, its boundary becomes smoother and the areas tend to 
become stable, as shown by the standard deviation (σ). 
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Table 3.1 Relationship between polygon area and step size. 

Step size 
(cm) 

X0 
(m2) 

Xm 
(m2) 

X1 
(m2) 

σ 
(m2) 

Vertices 
(n) 

10 19.66 16.64 13.88 0.05 165 

15 19.63 16.62 13.88 0.05 110 

20 19.58 16.58 13.84 0.06 83 

25 19.63 16.61 13.84 0.07 67 

30 19.54 16.52 13.83 0.07 56 

35 19.51 16.51 13.72 0.08 48 

40 19.47 16.51 13.71 0.09 42 

 

 
Figure 3.8 Mean, core and support set of random sets with step size of 25 cm. 

3.4.2 Impact of dependencies of vertices on the variation of 
polygons 

Next, dependencies of vertices on each polygon are simulated. Five λ values 
are used to simulate the distribution of each vertex on its uncertain line 
segment. As observed from Table 3.1, the area of 𝑋𝑚 becomes stable if the 
step size is less than 25 cm. Hence, the polygons with step size of 15 cm are 
taken as an example and random sets are generated by the polygons with 
different dependencies on their vertices. 
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Table 3.2 Different random sets generated by polygons with different dependencies on 
their vertices. 

Dependency 
(λ) 

X0  
(m2) 

Xm  
(m2) 

X1  
(m2) 

σ 
(m2) 

0% 19.66 18.34 13.88 0.08 

25% 19.66 17.92 13.88 0.08 

50% 19.66 16.66 13.88 0.08 

75% 19.66 15.47 13.88 0.08 

100% 19.66 15.07 13.88 0.08 

 

 
Figure 3.9 Mean sets of random sets with different distributions on adjacent vertices. 
 

Table 3.2 shows that the areas of  𝑋1and 𝑋0 remain the same by increasing λ. 
The reason is that they are constructed by the innermost and outermost 
points on the uncertain line segment of each vertex. The changes of the 
distribution have a large impact on the area of  𝑋𝑚 . Figure 3.9 shows the 
position of mean on uncertain line segment has linear relation with the area 
of the mean set, if the mean is closer to the interior of the polygon (with 
higher λ value) the area of the mean set is smaller. 

3.4.3 Applying the algorithm to more polygons 
The developed algorithm is further applied to polygons 2, 3 and 4 in Figure 
3.1. Figure 3.10 shows that polygons 2 and 3 have an irregular shape in 
comparison with polygon 4 and 5 and contain sharp corners in the south-
eastern parts. Such irregular shapes are caused by the variation of the point 
density and distribution, making uncertainty modelling more difficult. Even 
though modern laser scanners can acquire point clouds with high point 
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density, due to the different perspective and incidence angle of the laser 
beam the point spacing is not guaranteed to be regular. The advantage of 
this algorithm is that the mapping algorithm is not constrained to the point 
density and distribution in the local area.  The size of the moving window is 
adjusted by the point density, allowing to carry out uncertainty modelling in 
an area with variable point density. The internal and external boundaries 
given by  𝑋1and 𝑋0 respectively are more irregular than  𝑋𝑚 for polygons 2 and 
3. So if  𝑋𝑚 is considered as the true representation of a polygon then the 
result is acceptable, because it is calculated from the covering function, in 
which the shapes of   𝑋1and 𝑋0 have only a little effect.  
 

    
(b)                                                        (c) 

      
     (a)                                                           (d) 

Figure 3.10 Mean sets of random sets with different distributions for polygon 2 (a), 3 
(b), 4 (c) and 5 (d). 
 
Table 3.3 shows that with the decrease of λ the area of  𝑋𝑚 decreases for 
each polygon. Table 3.3 suggests that the area of 𝑋𝑚shows a linear relation 
with λ. If we refer to Figure 3.11 however the relation between these two 
variables is not linear. The general trend is that the area of 𝑋𝑚 significantly 
changes from 25% to 75% of λ, whereas for the remaining intervals of λ the 
area of 𝑋𝑚 varies slightly. The maximum area variation is 0.42 m2. 
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Table 3.3 Relationship between mean set area and λ. 

Polygon X1  
(m2) 

λ =  
1 

λ =  
0.75 

λ =  
0.5 

λ =  
0.25 

λ =  
0.00 

X0  
(m2) 

2 9.15 10.06 10.35 11.27 12.25 12.57 13.61 

3 8.17 9.12 9.44 10.40 11.44 11.75 12.82 

4 7.67 8.83 9.20 10.38 11.63 12.05 13.38 

5 13.88 15.07 15.47 16.66 17.92 18.34 19.66 

3.4.4 Comparison between modelling outputs and references 
The area of polygon 5 as digitised from orthophoto equals 16.74 m2 which is 
higher than the area of each 𝑋𝑚 in Table 3.1. By increasing the number of 
vertices, the area of mean set is approaching the reference but still less than 
it. This indicates that the distribution of a vertex along its uncertain line 
segment may not be normal. But if we compare the reference with the area 
of the mean set in Table 3.2, it suggests that the reference lies between the 
mean sets calculated by the vertices with λ ranging from 0.25 to 0.5 and 
close to 0.5. Figure 3.12 shows the GPS points together with the output 
mean sets with different λ values. All P3—8 fall within both sides of the 
𝑋𝑚 with λ = 0.5, whereas P7 is the closest to the 𝑋𝑚 with λ = 0.25. P1 and P2 
are close to the support set, because they are on the boundary of the 
polygon where the local shape is right angular (Figure 3.12). Such a shape 
cannot be properly modelled by the designed mathematical model, which 
assumes longitudinal shape of a polygon is a 3rd order polynomial. As a 
result the sharp corner on a polygon is rounded, leading to problems in the 
uncertainty modelling step. 
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Figure 3.11 2D plot mean set area against λ. 

3.5 Discussion 
In this paper, we presented random sets method to model the uncertainty of 
objects derived from airborne laser points. Due to the nature of laser 
scanning, measurements are rarely acquired at the distinct positions of an 
object, such as its outlines, corners or edges. We show how these objects can 
be detected and modelled by means of developed road detection algorithms 
and mathematical models respectively, while uncertainty in the road 
polygons is analysed by random sets. The advantage of the road detection 
algorithm is that it is not limited to the point density and distribution, which 
have a large effect on the uncertainty in extracted polygons. By using the 
statistical parameters (  𝑋0, 𝑋𝑚 and 𝑋1) of random sets , we demonstrate that 
random errors in the laser points and randomness of detection parameters 
have different effects on extracted features when objects have different 
extensional uncertainties. 
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Figure 3.12 GPS points overlaid with output polygons from uncertainty modelling step. 
 
Current methods for detecting and modelling the traffic polygons can use 
variable step sizes for the moving window, resulting in different vertices on 
the polygons. Results suggest that the area of the polygon tends to be stable 
when a smaller step size is selected. Selection of a small step size however 
may increase computation costs while confronting large objects. 
Furthermore, to make the detecting and modelling generic, it is assumed that 
the boundary of a traffic island can be modelled by a 3rd order polynomial.  
This may not hold for all situations. For example, the study polygon in Figure 
3.7 has actually two right angular corners, which cannot be properly 
modelled by such a polynomial. In order to get a more accurate boundary 
around these areas, either a more specific model needs to be considered or a 
data-driven approach without any geometrical model involved could be an 
optimal solution in further study. 
 
Random set theory is selected in this study to model uncertainty. The 
empirical covering function for positions in random sets can also be regarded 
as a fuzzy membership value, thus indicating the possibility of covering a 
position by the object. Furthermore, α-cuts as an important concept of a 
fuzzy set, used as an efficient interpretation tool to describe the internal 
structure of a fuzzy boundary. It can be regarded as a nested random set in 

 49 



Application of random sets to model uncertainty of road polygons 

our approach. Therefore, random set can serve as an alternative approach to 
simultaneously obtain fuzzy membership functions and α-cuts. 
 
Dependence between adjacent vertices varies due to the size and shape of an 
object and also changes from one mapping task to another. There is no 
explicit way to combine the dependence in uncertainty modelling. Current 
work assumed that each vertex has a truncated normal distribution along its 
uncertain line segment, which is subject to current detecting and modelling 
method. This uncertain line segment has been subdivided in 100 intervals of 
equal length. As the maximum length of all uncertain line segments in this 
study are less than 1 m, the sample distance is then less than 1 cm, which is 
sufficient for any current mapping purposes. Another assumption can be 
made when the detecting strategy changes. By simulating the distribution of 
a vertex along its uncertain line segment, the effect of the distribution on the 
uncertainty of a road polygon is properly modelled.  
 
In dense urban areas, LiDAR can serve as a promising technology for data 
acquisition. As the data quality is essential for urban applications, uncertainty 
assessment of raw LiDAR data and the results of reconstruction are 
important. The uncertainty in raw LiDAR data arises both in planimetric as 
well as height features. We are currently investigating methods for modelling 
planimetric errors using the simulation method. Future work may focus on 
the combined effect of planimetric and height errors on the uncertainty of 
object reconstruction. 

3.6 Conclusions 
Random errors in LiDAR data can be properly modelled by simulation 
methods. By applying the developed road detection procedure to simulated 
data, the derived road polygons contain the uncertainty in the point data 
itself and also those obtained during data processing. Each road polygon is 
then treated as an element of a random set, which can spatially model 
objects with uncertain boundaries. 
 
Random sets applied to road polygons are useful for modelling the 
uncertainty, which is not clearly addressed in either traditional analytical 
methods or other popular methods. A statistical analysis of random sets is 
encouraging for determining and characterising the variation of the 
uncertainty in detected road polygons. 
 
In traditional methods the correlation between the adjacent vertices of an 
object is not explicitly modelled or taken into account. This study shows that 
simulating the correlation between the vertices and experimenting with 
different possibilities the model’s sensitivity is clearly determined. 
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The reference data collected from fieldwork can assist in analysing the 
characteristics of uncertainty modelling outputs. These results show that 
random sets are well-suited to model the uncertainty of road polygons 
extracted from point data. 
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4.1 Introduction 
Spatial objects such as buildings, roads and water bodies are essential 
entities for urban environmental management and analysis. Specifically, 
urban road information plays a critical role in GIS data update, location-
based services, navigation systems and traffic safety analysis (Shahi and 
Choupani 2009). For example, in traffic safety analysis curbs as vertical 
elevation differences between two adjacent roadway surfaces are potential 
safety hazards because they can affect the stability of vehicles and the 
driver’s ability to handle it (Baek and Hummer 2008; Glennon and Hill 2004). 
Traditionally, these spatial objects are determined either by land surveying 
and photogrammetry or by segmentation techniques applied to high-
resolution satellite images (Lucieer and Stein 2002). The resolution of remote 
sensing data, extraction methods and geometrical representations lead to 
extensional uncertainties of those objects (Zhao et al. 2011b). A proper 
understanding of those uncertainties is likely to increase traffic safety and to 
benefit other transport-related applications (Quddus et al. 2007). 
 
The geometry of spatial objects and their topological relations are determined 
by means of their boundaries. In an object-oriented analysis, natural 
phenomena are mapped on predefined thematic attributes and presented by 
crisp boundaries. If the phenomena vary continuously and smoothly over 
time and space, however, a precise definition of the objects may not exist, 
and it may thus be impossible to assign crisp boundaries to them (Cheng et 
al. 1997) . For such phenomena, the boundaries need to be described as 
transition zones characterized by variable width rather than as crisp lines (Shi 
2010; Stein et al. 2009). 
 
Recently, 3D point clouds acquired by laser scanning enable the automatic 
extraction of various spatial objects (Huang et al. 2011; Meng et al. 2012; 
You and Lin 2011). Accuracy of these extracted objects largely depends upon 
point densities (Zhou and Vosselman 2012). Due to the variable point 
densities, the boundary of an object is preferably given as a transition zone 
with an extension that is determined by the errors existing in laser points. On 
the one hand, planimetric errors in laser points cause extensional 
uncertainties. Vertical errors, on the other hand, mainly determine the 
parameters of the applied point segmentation algorithms, where the height 
variation in the laser points is treated as intensity or colour variations, similar 
to the treatment in image segmentation algorithms (Felzenszwalb and 
Huttenlocher 2004; Grady and Schwartz 2006; Shi and Malik 2000). In this 
way, the vertical errors have an indirect impact on the extent of an object by 
means of their influences on the segmentation results. Hence, the three 
uncertainty factors jointly affect the recognition of the extent of the spatial 
objects.  
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Extraction of objects and their representations by uncertain extents such as 
transition zones, are considered as elements of uncertainty analysed (Stein 
et al. 2009). Zhao et al. (2011b) adopted a random set method to quantify 
the extensional accuracy of spatial objects extracted from images. The 
variability of a random set reflects the degree of accuracy of an object. In 
order to eliminate the subjective effect of user-tuned parameters of the 
distribution function on the random set model, such as the choice of a 
threshold, the authors developed a general parameterisation of a mixed 
Gaussian random set model (Zhao et al. 2011a). To use the mixed Gaussian 
distribution to parameterise such a random set however is still subjective. As 
discussed in Friel and Molchanov (1999), there is considerable freedom of 
choice for weighting the parameters, and further investigations might be 
required to justify certain choices from a theoretical point of view.  
 
In previous studies, Zhou and Stein (2013a) used a mathematical 
representation to interpolate the unknown observations in the transition zone 
and integrated a random set model to deal with the extensional accuracy of 
traffic islands. This mathematical representation introduced some artificial 
uncertainties on the islands with sharp corners, whereas the impact of 
vertical errors and point densities in the laser points on the accuracy of 
islands was not discussed. Furthermore, it is still a challenge to determine 
the proper parameters of a well-suited random set model for a traffic island. 
Such a model should be carefully selected, and it should take into account 
the extent of spatial variations across the transition zone. The challenge is 
thus to develop a general parameterization method to determine data-
specific parameters for point data with different point spacing. 
 
The aim of this study is to examine the application of random sets to model 
traffic islands as objects with uncertain spatial extents. The main 
contributions of this study are, first, that the modelling algorithm is designed 
on the basis of a graph that can be adapted to point data with different 
spacing. Second, in order to consider the extent of spatial variations across 
the transition zone, the random set model is parameterized by a Dirichlet 
boundary integral without dependence on standard functions. Third, the 
impact of planimetric errors, vertical errors and point spacing on the accuracy 
of derived objects is simultaneously considered and analysed. The study is 
applied to LiDAR data from the city of Enschede, The Netherlands. 

4.2 Study area and data 
We consider two types of data, airborne laser scanning data and mobile laser 
scanning data. Airborne laser scanning (ALS) data were acquired with a FLI-
MAP 400 system (Fugro Aerial Mapping 2011a) with forward, nadir, and 
backward looking scan directions. The dataset contains 15 strips with a point 
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density of 20 pts  m−2 and was recorded at a flight height of 275 m above 
ground in Enschede, The Netherlands. The mobile laser scanning (MLS) data 
were acquired by an Optech LYNX system (Optech 2007). A track of about 8 
km was surveyed in 2008 in Enschede in an area that overlaps with the area 
of the FLI-MAP dataset. The driving speed was between 30 to 40 km h-1. 
This resulted into a point density of approximately 1000 pts m-2 on a solid 
surface at a distance of about 10 m from the laser scanner (Rutzinger et al. 
2011a). In this dataset, the distance between the laser scanner and the 
object ranges from 2 m to 20 m and the point spacing is approximately 2-3 
cm. In our study, the airborne data will be used for modelling the accuracy of 
traffic islands. We used the mobile data to generate point datasets with 
different point spacings. By using these datasets, the dependence of the 
accuracy on the point spacing can be analysed, and the mobile data in this 
way can assist the sensitivity analysis. 
 
Traffic islands have been successfully extracted from airborne laser scanning 
data (Hatger 2005; Hatger and Brenner 2003; Rottensteiner 2010; Zhou and 
Vosselman 2012). Few approaches, however, take the accuracy of the data 
explicitly into account. This is probably due to the fact that the data accuracy 
information is rarely available to data users, but only accessible to data 
suppliers or system manufacturers (Hatger 2005). Hence, if we can obtain 
data accuracy from the data suppliers, there is still much room to improve or 
model the accuracy of the extracted objects. In this study, we particularly 
focus on traffic islands, because they provide a visual separation between 
driving lanes to direct traffic, and are also used to reduce the speed of cars. 
These functions of traffic islands can significantly lower crash rates and 
reduce the risk to pedestrians (Gårder 2004; Zegeer et al. 2002). A proper 
modelling of the accuracy of traffic islands is therefore an essential input for 
the traffic safety analysis. Figure 4.1 shows typical traffic islands in the city of  
Enschede, being the subject of our study. 
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                        (a)                                                       (b) 
Figure 4.1 Grayscale laser scanning data of study traffic islands (1-4) acquired from (a) 
mobile platform and (b) airborne platform. The point heights are represented as darker 
(minimum height) to lighter (maximum height) grey shades.  

4.3 Method 

4.3.1 Representing random objects as random sets 
On the Euclidean space 𝑅2, we consider a traffic island as a random set. A 
random set Γ  associates a function 𝑃𝑟Γ(𝑥): 𝑅2 → [0, 1], 𝑥 ∈ 𝑅2. This covering 
function of the random set takes values between zero and one. We can 
interpret the covering function as the probability of the element 𝑥 covered by 
the random set Γ on the space 𝑅2 . We denote the space of point data as 
𝑄 ⊂ 𝑅2, where the point 𝑥 is the basic element, 𝑥 ∈ 𝑄. The measure space that 
carries random spatial data models such as random objects is denoted by 𝑈, 
where 𝑈 ⊆ 𝑃(𝑅2). A random object is defined as a random set on 𝑈, and can 
be described by the focal elements 𝑂𝑖 with corresponding probability weight 
𝑚𝑖, denoted as a collection of pairs {𝑂𝑖 , 𝑚𝑖}. The focal elements are subsets of 
𝑅2: 𝑂𝑖 ∈ 𝑃(𝑅2) (Zhao et al. 2010). A polygon drawn from laser points for a 
traffic island can be regarded as a focal element 𝑂 of the traffic object 𝑈 with 
a probability weight 𝑚  corresponding to it. In this study, we equate the 
random set with the random object such as the traffic island. The probability 
that a point 𝑥 ∈ 𝑅𝑛 is covered by the random object can be calculated by the 
covering function as  
 

𝑃𝑟Γ(𝑥) =
∑ 𝑄𝑂𝑖(𝑥𝑥)𝑛

𝑖=1

𝑛
   𝑥 ∈ 𝑅2;  𝑂𝑖 ∈ 𝑈, (4.1) 

where 𝑄𝑂𝑖 is the indicator function 𝑄𝑂𝑖 = �1, 𝑥 ∈ 𝑂𝑖
0, 𝑥 ∉ 𝑂𝑖

. 

The covering function 𝑃𝑟Γ(𝑥) at point 𝑥 is defined as 𝑃(Γ ∩ {𝑥} ≠ 0) = 𝑃(𝑥 ∈ Γ). 
Points with 𝑃𝑟Γ(𝑥) ≥ 𝑝 form a  𝑝 − level set of Γ. The 1 − level set and the 0.5 − 
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level set are called the core set Γ𝑐 and median set Γ𝑚𝑒𝑑𝑖𝑎𝑛, respectively. The 
support set Γ𝑠  is defined as {𝑥 ∈ 𝑄: 𝑃𝑟Γ(𝑥) > 0} . Points with 𝑃𝑟Γ(𝑥) = 1  are 
labelled as the object, with 𝑃𝑟Γ(𝑥) ∈ (0,1) as the transition zone, denoted as 𝑇, 
and with 𝑃𝑟Γ(𝑥) = 0 as the background. For comparison purposes, we adopt 
the mean set of the random set that is a binary set to identify the crisp 
extents of objects. Several definitions of the expectation of a random set 
exist in the literature. The Vorob’ev expectation is determined by the 
covering function that is the average of the indicator functions (Stoyan and 
Stoyan 1994). 

4.3.2 Generating random sets by a point segmentation 
algorithm 

Segmentation is essential in surface modelling from scanned point data. It 
partitions a point cloud into meaningful regions and thus extracts important 
features (Woo et al. 2002). Many segmentation methods have a large 
number of parameters, whose meaning and effects on final segmentation are 
not always clear (Rabbani et al. 2006). To avoid dealing with these complex 
parameters in the segmentation algorithm, a graph-based segmentation is 
employed in this study. The Mumford-Shah functional was devised to find 
piecewise smooth reconstructions of functions as an optimization problem 
(El-Zehiry et al. 2011; Mumford and Shah 1989). Optimization of the function 
was improved by a graph formulation, in which the max-flow/min-cut 
problem (Karger and Stein 1996) is solved by minimizing the energy in the 
function (Boykov et al. 2001; Bresson et al. 2007). The points connected by 
Delaunay triangulation (Lee and Schachter 1980) are treated as an 
undirected graph and the height and distance between two neighbouring 
points (nodes) are used to compute the weight on their connecting edges. 
After finding a best global cut, object points are segmented from their 
background points. Since global optima are obtained at each step, no 
implementation parameters are necessary in this graph formulation. 
 
In this work, the Mumford-Shah function is considered as the piecewise 
smooth mode (Mumford and Shah 1989) and formulated as 
 

𝐸(𝑓, 𝑔, 𝑆) =  𝛼 �� (𝑓 − 𝑝)2 +
𝑆

� (𝑔 − 𝑝)2

Q/𝑆
�

+ 𝜇 �� ‖∇𝑓‖2

𝑆
+ � ‖∇𝑔‖2

Q/𝑆
� + 𝑣L(𝑆), 

(4.2) 

where Q  represents the point domain, f  represents the smooth foreground 
function, g  is the smooth background function, S  is the region of points 
comprising the foreground, p  is the point height, L(S)  is the length of the 
contour of region S, and α, µ, v are free parameters. They are positive real 
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scalars which control the competition between the various terms above and 
determine the scale of the segmentation and smoothing. 
 
The idea of applying random sets is that the extents of segmented patches 
are more sensitive to the vertical error 𝜀𝜀𝑧𝑧 in laser points if objects with larger 
extensional accuracy are extracted by the point segmentation algorithm. 
Changes in the 𝜀𝜀𝑧𝑧 lead to variable numbers of points segmented as the object 
and result in the extensional accuracy in the segmented object, because the 
height variations of the laser points are treated as intensity or color 
variations, similar to the treatment in image segmentation algorithms. Monte 
Carlo simulation (Mooney 1997) consisting of a class of algorithms for 
sampling from probability distributions are used in this study, assuming that 
these distributions are known. Hunter et al. (1996) found that the standard 
deviation supplied by the data producer is a useful value to simulate random 
errors. The 𝜀𝜀𝑧𝑧 simulated by this way have a normal distribution with a mean 
of zero and a standard deviation 𝜎𝜎𝑧𝑧 . The selection of values for  𝜎𝜎𝑧𝑧  will be 
discussed below. Several sets of simulated points were acquired by adding 
the simulated 𝜀𝜀𝑧𝑧  to the original laser points collected by laser scanning 
platforms. By repeatedly segmenting the error-contaminated dataset, a set of 
objects was obtained to construct a random set, from which the covering 
function can be determined as follows. Let the total simulating times equal to 

𝑘 , then for the 𝑖 th simulation, we have: 𝑃𝑟Γ�𝑥𝑗� =
∑ 𝑄𝑂𝑖(𝑥𝑥𝑗)𝑘

𝑖=1

𝑘
;  𝑥𝑗 ∈ 𝑅2;  𝑂𝑖 ∈ 𝑈 , 

where 𝑖 stands for 𝑖th simulation, and 𝑗 stands for the 𝑗th sampled point in 

the 𝑖th simulation and 𝑄𝑂𝑖 is the indicator function 𝑄𝑂𝑖 = �1, 𝑥 ∈ 𝑂𝑖
0, 𝑥 ∉ 𝑂𝑖

. 

 
Based on their covering functions, points in the study area can be either 
classified as ‘object’ with the value of one, ‘background’ with the value of 
zero, or ‘transition zone’ with a value between zero and one. By deriving the 
internal boundary of background points and the external boundary of object 
points, the transition zone between the object and the background is 
constructed. These boundaries are detected by a 3D alpha shape algorithm 
(Wei 2008). 

4.3.3 Interpolating the covering function of unknown 
locations in the transition zone 

Interpolation is used in this study to estimate values for points, pixel centres, 
or nodes from scattered point data. By means of interpolation, we can 
extrapolate the data beyond point locations and produce regularly spaced 
data for contouring or raster calculations. Due to the random errors and the 
limited point density in the point data, boundaries of objects can be described 
as a transition zone, where the values at unobserved locations were 
interpolated from the point observations. The values in the transition zone 
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usually have gradual changes from the interior to the boundary and to the 
exterior (Zhao et al. 2011b). Therefore, in this study, we emploied an 
algorithm that allows interpolation from known values on the nodes of a 
graph to missing data in such a way that the interpolated values are smooth 
(Grady and Schwartz 2006). It solved the combinatorial Laplace equation 
with Dirichlet boundary conditions given by the observations. This method is 
well described for digital elevation models (Wood and Fisher 1993) and in the 
image analysis literature (Elder and Goldberg 2001). 
 
The Dirichlet integral is defined as 

𝐷[𝑢] = ∫ |∇𝑢|2𝑑ΩΩ
2

, (4.3) 

for a field 𝑢 and region Ω (Courant and Hilbert 1989). A harmonic function is 
a function that satisfies the Laplace question  
 
∇2𝑢 = 0. (4.4) 
 
The harmonic function that satisfies the boundary conditions minimizes the 
Dirichlet integral, since the Laplace equation is the Euler-Lagrange equation 
for the Dirichlet integral. As a result, the Dirichlet integral is minimized by 
harmonic functions (Courant and Schiffer 1950). In a graph, points for which 
a fixed value exists are boundary points, where as points for which the values 
are not fixed are interior points.The value at each point in the interior is the 
average value of its neighbours. The harmonic functions may not take values 
on interior points that are greater or less than the values on the boundary. 
The Dirichlet integral is minimized by harmonic function. This means that the 
integral of the gradient of the system will be minimized, subject to fixed 
boundary conditions. 
 
The covering function of most locations in the transition zone can be 
estimated by the interpolation algorithm presented above. In order to 
implement this interpolation algorithm, the transition zone is discretised into 
2 by 2 cm regular grid . This resolution is deemed to be sufficient for any 
current mapping tasks. The core and support sets of the transition zone and 
uncertain points in the middle are used as boundary points in the Dirichlet 
boundary condition. The known values of the boundary points are the 
covering functions assigned to them. The regular grids in between the core 
and support sets are treated as interior points and their values are estimated 
by the interpolation algorithm (Grady and Schwartz 2003). 

4.3.4 Aggregating multiple random sets 
As compared to the impact on the segmentation, planimetric errors have a 
large impact on the interpolation of the covering function in the transition 

60 



Chapter 4 

zone. This is because the distance between two neighbouring boundary 
points in the Dirichlet boundary condition has the largest impact on 
determining the weight of the edge connecting them (Grady and Schwartz 
2003). The simulated planimetric errors, denoted as 𝜀𝜀𝑥𝑥 and 𝜀𝜀𝑦𝑦 along x and y 
coordinates, were repeatedly added to the boundary points in the Dirichlet 
boundary condition, and the interpolation was applied on each error-
contaminated dataset. The planimetric errors simulated by Monte Carlo 
simulation have a bivariate normal distribution with a mean of zero and 
standard deviations of 𝜎𝜎𝑥𝑥 and 𝜎𝜎𝑦𝑦. The selection of values for 𝜎𝜎𝑥𝑥 and 𝜎𝜎𝑦𝑦 will be 
discussed in the following sections. The result of each interpolation is treated 
as a random set, and the covering function of every discretised grid in the 
transition zone is treated as an element of this random set. As a result, we 
have multiple layers of random sets covering the same transition zone. 
 
Aggregation operations on random sets combine several random sets in a 
desirable manner to produce a single random set. Charnpratheep (2004) 
proposed the convex combination model (Joslyn 1996), in which a 
compensatory combination was defined as 
 

𝐹 =
∑ 𝑤𝑖𝑃𝑟Γ(𝑥𝑥𝑗)𝑚

𝑖=1

𝑚
, (4.5) 

where 𝑃𝑟Γ(𝑥𝑗) is the covering function of the  𝑗th  grid cell in random set layer 
𝑖 , and 𝑤𝑖 > 0  is the weight assigned to the layer 𝑖 . The weights are 
compensating for the relative importance that each layer should be given in 
the combination. In this study, the weight of each random set layer is equal. 
In the end, the aggregated random set consists of uncertainties of traffic 
islands caused by the planimetric and vertical errors in the laser data. 

4.3.5 Parameters for simulating random errors and point 
spacings 

In this study, we investigated the accuracy of traffic islands derived from 
airborne laser scanning data. This accuracy depends upon errors in the 
coordinates, denoted by 𝜀𝜀𝑥𝑥, 𝜀𝜀𝑦𝑦  and 𝜀𝜀𝑧𝑧 , as well as upon the limited point 
spacing. We obtain the random errors by means of the Monte Carlo 
simulation. Point datasets with different spacings were simulated by down-
sampling a mobile laser scanning data with high point densities and accuracy. 
 
In order to simulate the random errors in the laser data, their standard 
deviations should be known. Planimetric standard deviations ( 𝜎𝜎𝑥𝑥, 𝜎𝜎𝑦𝑦 ) of 
random errors 𝜀𝜀𝑥𝑥  and 𝜀𝜀𝑦𝑦 were obtained by a strip adjustment and vary from 2 
cm to 3.5 cm. These values include both the random positioning errors as 
well as the nonconstant components of systematic errors. These ranges of 
standard deviations were acquired from a report of strip adjustment on the 
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same airborne dataset (Vosselman 2008). The standard deviation 𝜎𝜎𝑧𝑧 of the 
random error 𝜀𝜀𝑧𝑧 was determined by fitting a patch of points on the road 
surface to a plane. The 𝜎𝜎𝑧𝑧 is ranging between 1 cm and 1.3 cm. The random 
errors were assumed to have six sigma confidence interval. 
 
The mobile laser scanning data were used to generate point datasets with 
different spacings by means of down-sampling. Four sets of simulated data 
were generated by down-sampling the original dataset with point spacings of 
10, 15, 20, and 25 cm. The different simulated random errors are then added 
to each down-sampling dataset. By applying the developed method to each 
down-sampling dataset at different scales of random errors, the impact of 
point spacings and random errors on the positional accuracy of traffic islands 
is analysed. 

4.4 Results and analysis 

4.4.1 Effects of coordinate precision and point spacings 
Figure 4.2 shows how the variation of a traffic island is affected by changes in 
point spacing and by vertical errors. By increasing the 𝜎𝜎𝑧𝑧 in the laser data, the 
Γ𝑐 of transition zone 𝑇  decreases in all datasets and the Γ𝑠  increases 
accordingly. This indicates that the area of  𝑇 increases if the 𝜎𝜎𝑧𝑧 in the laser 
data increases. As a result, the traffic island becomes more uncertain. The 
same trend can be observed as the point spacing is also positively correlated 
to the area of  𝑇. Larger point spacings lead to bigger zones. 
 
Both point spacing and 𝜀𝜀𝑧𝑧 have positive influences on the area of  𝑇, but their 
impacts are not at the same level. As compared with the impact of the 𝜀𝜀𝑧𝑧, the 
point spacing has a bigger impact on the area of the 𝑇. As it is presented in 
Figure 4.2, the area of  𝑇  increases approximately by 0.5 m2, if the 𝜎𝜎𝑧𝑧 
increases from 1 cm to 1.3 cm in all datasets. If the same 𝜀𝜀𝑧𝑧 has been added 
to all datasets with point spacings ranging from 10 cm to 25 cm, however the 
minimum area change of  𝑇 is 2 m2. In the dataset with the point spacing of 
25 cm, the area of 𝑇 tends to be stable (Figure 4.2), if the 𝜎𝜎𝑧𝑧 is bigger than 
1.2 cm. This suggests that the accuracy caused by the point spacing exceeds 
that caused by the 𝜀𝜀𝑧𝑧, if a big point spacing is given in the data (more than 
25 cm). In this case, the 𝜀𝜀𝑧𝑧 has little or no contribution to the positional 
accuracy of the traffic island. 
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Figure 4.2 Accuracy of the traffic islands related to point spacings and vertical errors 
for island 4, similar results for the other three traffic islands. 
 
In the next experiment, for the comparison purpose the 𝜎𝜎𝑧𝑧 of 𝜀𝜀𝑧𝑧 is fixed at 1.3 
cm, which is the same 𝜎𝜎𝑧𝑧 in the airborne data. It can be observed from Figure 
4.3, the area of  𝑇 has approximately increased by 1.5 m2, if the 𝜎𝜎𝑥𝑥  and 𝜎𝜎𝑦𝑦 
increase from 2 cm to 2.5 cm in all datasets. The 𝜎𝜎𝑥𝑥 and 𝜎𝜎𝑦𝑦 increase by 0.5 
cm and the area of 𝑇 has increased by 0.5 m2. The relation between the area 
and the 𝜎𝜎𝑥𝑥 and 𝜎𝜎𝑦𝑦 in the dataset of a fixed-point spacing is close to linear. As 
the point spacing increases by 5 cm, the area of the 𝑇 has increased to a 
maximal of 1 m2. Both planimetric errors and point spacings positively impact 
the accuracy of the traffic island. The point spacing however is still the 
dominant impact factor as compared with the planimetric and vertical errors. 
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Figure 4.3 Accuracy of the traffic island related to horizontal errors and point spacings 
for island 4, similar results for the other three traffic islands. 

4.4.2 Modeling traffic islands from airborne data  
The airborne laser scanning data used in this study is reported to have 𝜎𝜎𝑥𝑥 and 
𝜎𝜎𝑦𝑦 of 2 cm (Vosselman 2008) and 𝜎𝜎𝑧𝑧 of 1.3 cm. The average point spacing is 
about 20 cm. Figure 4.4 (a) shows that the light grey points close to the 
centre surely belong to the object, even if the 𝜀𝜀𝑧𝑧 has been added to them. 
The points in black, in contrast, always belong to the background. There are 
variable covering functions of the points in the transition zone between the 
object and the background. In this case, the covering function of a point by 
an object is 𝑃𝑟𝛤(𝑥), whereas the covering function of the same point by its 
background is 1 −𝑃𝑟𝛤(𝑥) . Figure 4.4 (b) illustrates that the internal and 
external boundaries of the transition zone separate the points into an object 
with the value of one, a background with the value of zero and an uncertain 
transition zone with a value between zero and one, based on their covering 
functions.  
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                           (a)                                                  (b) 
Figure 4.4 Covering functions of points in 3D (a), internal (light grey line) and external 
(black line) boundaries of the transition zone between object and background, points 
coloured-by covering functions (b). Using island 4 as an example and Range indicates 
the value of the covering function. 
 
The covering functions of points are derived from a graph-based 
segmentation algorithm formulated by Mumford-Shah functional. The choices 
of the term parameters in Eq. (4.2) can make large differences in the optimal 
contour and reconstruction produced by minimizing the Mumford-Shah 
functional. The parameter values could affect the speed of convergence for a 
given initialization, even if the optimal contour and reconstruction are the 
same for different choices of parameters. Experiments conducted by Grady 
and Alvino (2009) have shown the rate of convergence, and solution 
achieved, of the graph method  is completely independent of and rarely 
sensitive to the parameter sets. Because the first and second terms describe 
unary terms penalizing data infidelity and nonsmoothness in the 
reconstructed graph, the current segmentation will fail, if encountering the 
high noise level and smooth transition from the object to the background in 
the data. We discuss these two situations in the following paragraph. 
 
An experiment was done by applying the current segmentation on MLS data 
with point density of 1000 pts  m−2. Good results can only be achieved if the 
MLS data is down-sampled with the spacing of 8 cm or more. This suggests a 
smooth energy transition from the object to the background will lead a failed 
energy minimization. In a second experiment, we used airborne data with 
point density of 25 pts  m−2. An obvious nonsmoothness between the object 
and background is able to be observed. The algorithm starts to fail if we add 
the vertical errors with a standard deviation more than 1.5 cm at six sigma 
confidence level.  In this case, the vertical error is close to the height of road 
curb (approximately 10 cm) and the high noise level in the data causes the 
algorithm fail to penalize data infidelity. Nevertheless, the algorithm works 
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Well on the current airborne data with point density of 20 pts   m−2  and 
vertical error of 1.3 cm. 
 

 
                        (a)                                                       (b) 
Figure 4.5 Covering functions over the discretised grids (a) and contour plot of the  
random sets (b) in the transition zone, 𝛤𝑐 = 1.00,  𝛤𝑠 = 0.00 and 𝛤𝑚 = 0.50, for island 4. 
 
The interpolation result in the transition zone (Figure 4.5 (a)) demonstrates a 
smooth transition from the object to its background. In (Figure 4.5 (b)), the 
width of the transition zone varies from one place to another due to the effect 
of point distributions. The grade of transition differs even if places have a 
similar width. This suggests that the grade of transition is not only 
determined by the two boundaries of the transition zone but also by the 
points within them, as a result, the interpolation algorithm considers the 
variation across the transition zone. 
 
The interpolation process served to assign membership values to the space 
between existing points. This can be possibly done by using a fuzzy logic 
approach with a predefined membership function. Selection of a membership 
function that is suitable for an application however is challenging. Piecewise 
linear membership functions are preferred, because of their simplicity and 
efficiency with respect to computability. Mostly these are trapezoidal or 
triangular functions, which are defined by four and three parameters, 
respectively. In order to implement the fuzzy logic approach, the transitional 
region (Figure 4.5 (b)) is expected to be uniform, which is not the case in our 
study. The shape of the transitional region is largely dependent on the point 
density and distribution. Experiment is possibly done by assigning 
membership values to sections right across the transitional zone without 
considering the points inside of it with known values (Figure 4.4 (b)). 
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                             (a)                                                (b) 
Figure 4.6 Membership values assigned by current method (a) and fuzzy logic (b). 
 
The membership assignment by current method or fuzzy logic in Figure 4.6 
makes no differences to the extent of the transitional region. The fuzzy logic 
approach employed a linear membership function that makes a smooth 
change from the object to the background. It assumes that the membership 
values should have a constant change across the transitional region. The 
result from current method however suggests an opposite. Some parts of 
traffic island, for example the north-western and south-eastern corners in 
Figure 4.6 (a), are not necessary to follow a linear transition. The results 
from current method and fuzzy logic may look similar but in terms of 
locations the distance between the contours with the same membership value 
in both figures can reach as many as 15 cm. This suggests that the variation 
should be considered in the interpolation process and the transition can 
hardly be modelled by any current mathematical approach. The random set 
approach has a range of advantages over fuzzy logic, such as suitable for 
modelling transitional regions with non-uniform width, considering spatial 
variations, requiring non-predefined membership functions. 
 
The result of uncertainty modelling is presented in Figure 4.7. For traffic 
island No.4, the areas of  Γ𝑐  and  Γ𝑠  are equal to 11.92 m2 and 20.37 m2, 
respectively. The area of 𝑇 equals 8.52 m2 which is bigger than 7.63 m2 from 
the down-sampled data with the same random errors and a similar point 
spacing. From an RTK-GPS field campaign in total eight GPS points were 
selected along the boundary of a traffic island in the field. The positions of 
these GPS points are preferred at the distinct points of this traffic island, 
which can largely represent the shape of it. The GPS points have a standard 
deviation below 3 cm. This accuracy was confirmed through re-visiting some 
points after several hours (Gerke 2011). By comparing the GPS 
measurements with the uncertainty contours, it can be observed that the 
GPS points are all close to the Γ𝑚 (Figure 4.7). 
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Figure 4.7 The uncertainty of the traffic islands derived from airborne laser data, 
𝛤𝑐 = 1.00,  𝛤𝑠 = 0.00 and 𝛤𝑚 = 0.50, the GPS points labelled as squares. 
 
To explain the difference of modelling results between airborne and down-
sampled data, we take a closer look at the point distribution in both datasets. 
Figure 4.8 shows that the average point spacing in the two datasets for traffic 
island No. 4 is very similar. However, the patterns of distributions are far 
different from one to another. In the airborne laser data, the point spacing 
along scanning lines is smaller than that between them (Figure 4.8 (a)). The 
minimum point spacing along a scanning line can be 5 cm but the maximum 
point spacing between two adjacent scanning lines can reach 50 cm. As 
compared to the airborne data, the down-sampled data are obtained from a 
higher density mobile dataset. As the down-sampling algorithm used fixed 
point spacings as parameters, the point distance between two neighbouring 
points in the down-sampled data is very much similar. Hence, the bigger 
point distance in the airborne data makes the area of the transition zone 
larger than that in the down-sampled data. 
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                               (a)                                               (b) 
Figure 4.8 Airborne (a) and down-sampled (b) terrestrial laser points for the island 4 
with a similar point spacing. 

4.5 Discussion 
In this work, we used random sets to interpret the extensional accuracy of 
traffic islands derived from laser point data. It extended the previous study 
(Zhou and Stein 2013a) that integrated the random set and a developed 
feature detection algorithm into spatial uncertainty modelling. The 
mathematical model in the feature detection algorithm presented in previous 
study introduced artificial errors in the uncertainty modelling, which can be 
avoided by the current data-driven approach, applying a graph-based 
segmentation algorithm to extract traffic islands from 3D laser points. The 
current approach generated random sets that are statistics applicable for 3D 
point segmentation practices for traffic islands. It presented and analysed 
three main causes by planimetric errors, vertical errors, and point densities. 
 
Traffic islands are different from natural objects such as water bodies and 
grassland that vary continuously and smoothly over time and space. For 
those cases, the natural objects themselves are random objects that change 
due to different environmental conditions like rainfall, wind, and temperature. 
A traffic island has a crisp boundary that is rarely changed by any 
enrironmental conditions. The traffic island itself is therefore not a random 
object. However, the remote sensing data collected from different platforms 
contain errors that are caused by geo-referencing, atmosphere distortions, 
irregularities at the earth surface, and sensor resolution limits. Due to these 
errors, the traffic island appearance can be considered as random and, thus 
the traffic islands can be treated as random objects. Random sets in this way 
can serve as an innovative way to model such randomness in the urban 
objects derived from remotely sensed data. 
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Standard functions are commonly used to parameterise a random set model. 
In this study, we took a different approach. We developed a covering function 
in the boundary between two polygons using a function that was independent 
on standard functions. We then posed the question of how to interpolate 
nodal values on a graph and proposed a solution based on solving the 
combinatorial Dirichlet problem. This interpolation method has desirable 
properties as a result of the mean value theorem and the maximum principle. 
It could be done on graph structures existing in arbitrary dimensions that 
possess an arbitrary metric, because the interpolation method depends only 
upon the topology of the structure and does not include information about 
the dimension of the space in which it is embedded. It parameterizes the 
random set with data-specific parameters that are independent of the 
standard distribution function, avoiding the dilemma of choosing them (Friel 
and Molchanov 1999; Zhao et al. 2011a). 
 
In random set theory, the mean set is an important concept that is used as 
an efficient interpretation tool to describe the internal structure of a transition 
zone. It is a crisp set derived from a random set using a specified 𝑝-value. 
This mean set can be chosen as the expectation of a random set and be 
compared to the expert knowledge or application-oriented reference data. For 
example, in a navigation system one may be interested in the exact 
boundaries of road surfaces, which can prevent cars from running over road 
curbs. The mean set in this case can be validated by using the GPS points 
collected during fieldwork. By integrating the mean set with expert 
knowledge, the modelling result can bring more meaningful information for 
various applications. The uncertainty problem in the available data can thus 
be solved by data fusion, which could improve the estimation performance of 
other less sophisticated existing methods (Ottomanelli and Wong 2011). 
 
The segmentation algorithm presented in this study has been successfully 
applied to digital images. They however cannot deal with the 3D point data 
due to the irregular distribution of laser points. This is because image 
segmentation usually only considers the colour variation in neighbouring 
pixels regardless of distances between them. Graph-based segmentation 
serves as an optimal solution for clustering 3D points in which both height 
variation and geometrical distances between adjacent points contribute to the 
weights on the edges during the energy minimization. Furthermore, 
segmentation applied in this study shows its advantages such as its 
avoidance of initial seed selection, absence of algorithm parameters and a 
low sensitivity to noise. Previous experiments (Grady and Alvino 2009) show 
that the segmentation on a graph is completely independent of and rarely 
sensitive to the parameter sets. The segmentation however will fail, if 
encountering the high noise level and smooth transition from the object to 
the background in the simulated data. Those cases however rarely occur in 
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the real data. Therefore, the current method is a good solution to model the 
integrated uncertainty caused by planimetric errors, vertical errors as well as 
the point spacing in the laser data. 
 
Intrinsic properties of a LiDAR scanner may affect both point cloud resolution 
and positional accuracy. An example is the laser beam width (Lin and Mills 
2010). The actual point location of a laser beam cannot be uniquely 
determined since it could lie anywhere within the footprint of the projected 
beam, whereas commonly the centroid of the footprint is taken as the point 
location. As an estimate of uncertainty one could assume a symmetrical 
Gaussian distribution of laser power across the entire beam width diameter 
as is done in recent studies (Kukko and Hyyppä 2009). This is a rather 
procedure and may be wrong as the waveform of a pulse may appear in 
different shapes, depending upon the laser system. The airborne data used in 
our study were collected at a height of 275 m with a beam divergence of 0.45 
mrad, resulting in a beam width of 0.12 m. Approximating the footprint 
diameter to be ±3σ (~99.7%), the σ level corresponds to one sixth of the 
footprint diameter and equals 0.02 m. The planimetric error selected in our 
study ranged between 0.02 m and 0.35 m. At the σ level this covers the 
random errors caused by the beam divergence. Since the simulated errors 
cover the errors caused by other factors, we restrict the internal and external 
ALS error sources to planimetric and vertical errors in the laser points. In this 
way object accuracy could be quantified and provided a better insight into 
which error contributes most to the total accuracy in the object 
characterization. 
 
Several sets of artificial data were generated by down-sampling high density 
mobile laser points to investigate the variation of traffic islands and its 
relation to the point density. Experiments show that the point distribution 
patterns are different from one to another even though the point spacing of 
the simulated data is close to that of the airborne data. This has an impact on 
the modelling result. Dependence of the accuracy on point spacing can be 
properly analysed by means of point spacing simulations, although the point 
pattern of the simulated data differs from that of the airborne data. 
 
Fuzzy set theory has been used to deal with the uncertainties or risks that 
may be encountered during the build-operate-transfer concession period. It is 
also employed in applications like route choice optimizations, drivers’ 
satisfaction evaluations, and real-time traffic signal control. A key issue in all 
fuzzy sets is how to determine fuzzy membership functions that provide a 
measure of the degree of similarity of an element to a fuzzy set. Random 
sets serve as an interesting and important probability based alternative. 
Several similarities remain; however, as for example the empirical covering 
function for each point in random sets can be interpreted as the fuzzy 
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membership value, thus indicating the probability of covering the point by the 
segmented object. This study showed random set has a range of advantages 
over fuzzy logic, such as suitable for modelling transitional regions with non-
uniform width, considering spatial variations, requiring non-predefined 
membership functions. 
 
Current work used a data-driven approach for uncertainty modelling and 
knowledge about the traffic islands is excluded. In practice, the geometrical 
knowledge of traffic islands can be gathered and transformed into a template 
database. This database will be more robust to represent different shapes 
and superior to the single mathematical model used in the previous study 
(Zhou and Stein 2013a). Hence, including object-template matching and 
human knowledge in the uncertainty modelling can be important for future 
study and in this way the modelling accuracy will be significantly improved. 
The accurate modelling of traffic islands will therefore be beneficial for road 
based navigational applications. For government agencies, the ability to 
quickly access accurate spatial information is vital to plan for emergencies 
and to sustain community development. 

4.6 Conclusions 
In this study, we combined random sets with graph-based point processing 
algorithms for spatial data quality modelling of point clouds. The graph-based 
approach is flexible and can be adapted to point data with different spacings. 
Random sets were useful to model different sources of uncertainty in spatial 
objects derived from 3D laser points and have a range of advantages. In 
particular they were suitable for modelling transitional regions with non-
uniform width, were able to deal with spatial variation and required non-
predefined membership functions. The mobile laser scanning data were 
helpful to generate datasets with different point densities, and as a result, 
the relation between the accuracy and the point spacing was analysed. The 
random method expressed intrinsic uncertainties in the data and data-
processing uncertainties in their manifestations and integrated these 
uncertainties with empirical data. By combining the results with obtained 
reference data like GPS points or other expert knowledge, more meaningful 
information can be provided than applying a crisp or fuzzy method alone. It 
thus provides valuable input for urban traffic applications and government 
decision-making.   
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Uncertainty modelling of traffic islands using geometrically constrained random sets 

5.1 Introduction 
Traffic islands, as important objects in urban areas, play an essential role in a 
range of applications, such as urban environment management, traffic safety 
improvement, and vehicular emission reduction. In most urban scenes, 
a traffic island is a solid object with raised curbs in a road that is used to 
channelize traffic. It also acts as a safety island refuge where pedestrians 
may pause mid-crossing (Elvik 2003). Longer traffic islands, also called traffic 
medians, are strips in the middle of a road, serving the divider function over 
a longer distance (Persaud et al. 2001). Additionally, they minimize points of 
conflict between pedestrians and motor vehicles and therefore prevent 
specific traffic behaviour (Russell et al. 2000). Furthermore, traffic islands 
have the advantage of cutting down vehicular emissions and fuel 
consumption by reducing vehicle idling time at the intersections. As a result, 
they have a positive effect on the urban environment (Mandavilli et al. 2008). 
 
As part of an urban road network, traffic islands are frequently built, 
removed, and modified due to the fast growth and change of urban cities 
(Zhang and Couloigner 2004). Necessary work is therefore needed to keep 
road databases up to date. Remote sensing data provided by the recent 
generation of sensors increase the potential of road information extraction. 
Updating road databases in an effective and economic manner however is 
still a challenge. Currently, road network databases are updated using ground 
surveys, driving along roads with GPS (Czerniak and Reilly 1998) and 
analysing satellite images to register changes (Zhang 2004). While image-
based road updating approaches have had success, their accuracy is directly 
tied to the quality of the data (Klang 1998) and the object model used for 
road extraction (Gerke et al. 2004). Moreover, the quality of a road network 
detected from high resolution satellite images is highly dependent upon the 
complexity of urban scenes and results are hardly suitable for applications 
based on large-scale maps (Gaetano et al. 2011).  
 
The representation of traffic islands is commonly done by a 2D shape 
description. A traffic island is thus decomposed into contour partitioning, 
grouping, and classification by means of straight and curved segments using 
shape fitting techniques. Fitting of the shapes is normally conducted by a 
combination of the minimum description length (MDL) principle (Rissanen 
1987) and curve fitting techniques (Hansen and Yu 2001). The MDL principle 
is a model-driven description of the data that estimates the 2D shape of the 
island including the number of model parameters and the parameters (Li 
1993; Vitányi and Li 2000). It has been used both for the reconstruction of 
building polygons using local and global constraints (Brunn et al. 1995) and 
for objects with straight and curved boundaries (Thodberg 2003). Such an 
integration of recognition and segmentation is also made possible by the 

74 

http://en.wikipedia.org/wiki/Central_reservation
http://en.wikipedia.org/wiki/Central_reservation
http://en.wikipedia.org/wiki/Road


Chapter 5 

implicit shape model , which combines both capabilities into a common 
probabilistic framework (Leibe et al. 2004). 
 
Light Detection And Ranging (LiDAR) data have been used in the past to 
produce digital terrain models (DTMs) (Hodgson et al. 2003; Kobler et al. 
2007) and to determine forest stand characteristics (Næset 1999; Næset 
2004; Nilsson 1996; Streutker and Glenn 2006; Yang et al. 2013). Recently, 
large-scale road maps have been successfully extracted from dense 3D points 
acquired by an airborne laser scanning platform (Zhou and Vosselman 2012). 
Uncertainty, however, remains due to the errors existing in the point data. 
Extraction of objects and their representations by uncertain extents such as 
transition zones is considered as elements of uncertainty modelling (Stein et 
al. 2009). Random set theory dealing with stochastic models of irregular or 
random geometrical structures (Matheron 1975) has been successfully 
employed for the study of randomly varying geometrical shapes (Stoyan and 
Stoyan 1994). The use of random sets to quantify the extensional accuracy of 
spatial objects was proposed and subsequently used to monitor the dynamics 
of wetland inundation (Zhao et al. 2010, 2011a). 
 
In the past a 3rd order polynomial was integrated with random sets, allowing 
us to analyse the effects caused by planimetric errors for traffic polygons 
(Zhou and Stein 2013a). Zhou and Stein (2013b) studied the integrated 
effects of both planimetric and vertical errors. The current work extends 
these works by considering the geometry and morphology of traffic islands. 
Traffic islands as 2D objects are decomposed into a sequence of geometrical 
primitives. Two types of those, namely lines and arcs, are commonly used 
concrete elements in road construction when building traffic islands. 
 
In this study, we integrate geometrical primitives into random sets to model 
the uncertainty of traffic islands derived from airborne laser points. The new 
approach was applied to model the uncertainty of traffic islands in the city of 
Enschede, The Netherlands. 

5.2 Study area and data pre-processing 

5.2.1 Study area and data collection 
Enschede, a city for some 160,000 inhabitants, is located in the eastern part 
of the Netherlands. Like other European towns and cities, its existing road 
network has been frequently extended, maintained, and modified to meet 
fast urban growth and sustainable development (Figure 5.1 b). The challenge 
facing urban planners and politicians is to balance the demand for increasing 
personal mobility and economic growth, i.e. to respect the environment and 
provide an acceptable quality of life for all citizens. For these reasons, road 
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databases have to be kept up to date and airborne laser scanning (ALS) is a 
promising technique to do so. 
 
LiDAR data were acquired with a FLI-MAP 400 system (Fugro Aerial Mapping 
2011a) with forward, nadir, and backward looking scan directions. The 
system consists of an airborne laser scanner, two digital cameras and two 
video cameras. The dataset contains 15 strips with a point density of 20 pts 
m-2 and was recorded at a flight height of 275 m above ground in Enschede, 
The Netherlands (Figure 5.1 a). It covers an area of 11 km2 in the city centre 
where traffic islands are mostly used to direct and control the traffic flow. 
Planimetric standard deviations (σx, σy) of errors εx  and εy were obtained by a 
strip adjustment with the value of 2 cm. These values include both the 
random positioning errors as well as the nonconstant components of 
systematic errors. The standard deviation σz  of the random error εz was 
determined by fitting a patch of points on the road surface to a plane with 
the value of 1.3 cm.  
 

 

 

 
                         (a)                                                    (b) 
Figure 5.1 Fifteen strips presented in different colours (a), and changes of a 
roundabout over the time (b) in the city of Enschede. Tick size is 100 m. 
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5.2.2 Data pre-processing 
a) Locating and outlining traffic islands in point data 
The detection method from ALS data consists of three steps. Firstly, the 
locations with small height jumps near the terrain surface are identified. 
These are potential locations of traffic islands. Secondly, midpoints of high 
and low points on either side of height jumps are generated by linear 
interpolation. These points are put in sequel to obtain a polygon outline 
denoted as 𝑷. Thirdly, a sigmoidal function is fitted to all points near the 
polygon to increase the positional accuracy of 𝑷. ALS data are processed 
strip-wise in order to avoid the influence of systematic differences between 
neighbouring strips on detected results. If more polygons are detected for the 
same traffic island in the strip overlaps, the one with the largest area is 
selected, being the one that represents the most complete outline of this 
traffic island. We did not specifically verify the completeness of the detection 
because of the lack of existing references. Failed detections observed by 
visual inspection were mainly caused by occlusions from trees, cars or other 
traffic objects on the streets. More details of this method were presented in 
(Zhou and Vosselman 2012). 
 
b) Calculating covering functions of points around a traffic island 
Point data around a traffic island are selected by a band area created by 
buffering its outline p. Several datasets covering the same traffic island were 
created by repeatedly contaminating the original point data using vertical 
errors. The vertical error εz has a normal distribution with a mean of zero and 
a standard deviation σz  ( 𝑁(0, σz) ). Hunter et al. (1996) found that the 
standard deviation supplied by the data producer is a useful value to simulate 
the random error. In this research, an estimate of σz  was determined by 
fitting points to a flat part of a road surface, yielding a value of 1.3 cm. By 
applying a graph-cut segmentation on each dataset, we then obtained the 
covering function of all points around a traffic island. Points close to the 
outline  𝑃  are then classified as either object points, background points or 
uncertain points, using their covering functions (Zhou and Stein 2013b). This 
segmentation algorithm, although working appropriately for small objects, is 
still challenging for larger traffic islands, a graph-based segmentation 
algorithm may not be able to find the best cut between points on traffic 
island and those on a road surface. A large number of points in a graph 
increases the complexity of energy minimization and results into an incorrect 
segmentation (Boykov et al. 2001).  
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5.3 Methodology  

5.3.1 Representing traffic islands as random sets 
On the Euclidean space 𝑅2, we consider a traffic island as a random set Γ that 
associates a function 𝑃𝑟Γ(𝑥): 𝑅2 → [0, 1], 𝑥 ∈ 𝑅2 , towards values between zero 
and one. We can interpret the covering function as the probability that the 
element 𝑥 is covered by Γ on the space 𝑅2. We denote the space of point data 
as  Χ ⊂ 𝑅2 , with x ∈ Χ. The measure space that carries random spatial data 
models such as random objects is denoted by 𝑈, where 𝑈 ⊆ 𝑃(𝑅2). A random 
object is defined as a random set on 𝑈, and can be described by the focal 
elements 𝑂𝑖 with corresponding probability weight 𝑚𝑖, denoted as a collection 
of pairs {𝑂𝑖 , 𝑚𝑖}. The focal elements are subsets of 𝑅2: 𝑂𝑖 ∈ 𝑃(𝑅2) (Zhao et al. 
2010). A polygon drawn from laser points for a traffic island, for example a 
random template, can be regarded as a focal element 𝑂𝑖 of the traffic object 
𝑈𝑖  with a corresponding probability weight 𝑚𝑖. In this study, we equate the 
random set with the random object involved by a traffic island. The 
probability that a point 𝑥 ∈ 𝑅𝑛  is covered by the random object can be 
calculated by the covering function and is defined as 
 

𝑃𝑟Γ(𝑥) =
∑ Χ𝑂𝑖(𝑥𝑥)𝑛

𝑖=1

𝑛
   𝑥 ∈ 𝑅2;  𝑂𝑖 ∈ 𝑈, (5.1) 

where Χ𝑂𝑖 is the indicator function Χ𝑂𝑖 = �1, 𝑥 ∈ 𝑂𝑖
0, 𝑥 ∉ 𝑂𝑖

. 

 
The covering function PrΓ(x) at point x is defined as P(Γ ∩ {x} ≠ 0) = P(x ∈ Γ). 
Points with PrΓ(x) ≥ p form a  p − level set of Γ. The 1 − level set and the 0.5 − 
level set are called the core set Γc and median set Γmedian, respectively. The 
support set Γs is defined as {x ∈ Χ: PrΓ(x) > 0}. Points with PrΓ(x) = 1 are labelled 
as the object, with PrΓ(x) ∈ (0,1) as the transition zone, denoted as T, and with 
PrΓ(x) = 0 as the background. For comparison purposes, we adopt the mean 
set of the random set as a binary set to identify the crisp extent of an object.  
 
Several definitions of the expectation of a random set exist in the literature. 
Our random set consists of a number of geometrically constrainted templates 
that serve as its realizations. In order to obtain the expectation of such a 
random set, we need the Hausdorff-distance. For two non-empty subsets 
A and B in a metric space (M, d), we define their Hausdorff-distance dH(A, B) as: 
dH(A, B) = max{maxa∈Aminb∈BdH(A, B), maxb∈Bmina∈AdH(A, B)}  (Munkres 2000). The 
Fréchet expectation (Matheron 1975; Molchanov 2005) EF[R] of a random set 
R  is then defined as the solution of K0  of  E[dH(R, K0)2] = minK∈ΚdH(R, K)2 
(Nordhoff 2005). For the case of random templates, the random template K0 
that has the minimum square integrable Hausdorff-distance to all the other 
templates in a given random set is the expectation. 
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5.3.2 Detecting and optimizing linear components 
Traffic islands in urban areas are man-made objects with outlines that can be 
modelled by a sequence of interconnected straight lines and arcs. In the 
analysis the simplifying assumption was made that the boundary consists of 
two basic geometries: straight lines and circular arcs. 
 
A curb detection method to acquire the outline 𝑃 of a traffic island provides a 
sequence of points without any geometrical constraints. Points forming the 
transition zone of a traffic island from data pre-processing were selected as 
the input for geometrical component detection, since more observations 
make the detection more reliable. Linear components were detected first 
using the RANdom SAmple Consensus (RANSAC) (Fischler and Bolles 1981b). 
From a set of observed data, it iteratively estimates and stores parameters 
and inliers of a group of linear components that together form a traffic 
polygon. 
 
The line passing through the points with a covering function equal to 0.5 is 
considered as an accurate estimate of the Fréchet expectation. As during 
actual estimation, those points are absent from the dataset, points with 
probabilities above 0.5 are labeled as +1 and the other points are labelled 
as  −1 . Next, to optimize the parameter values of a straight line, linear 
support vector machine (SVM) is used (Cortes and Vapnik 1995). 
 
For the labelled points {𝑥𝑖  , 𝑦𝑖} , 𝑖 = 1, … , 𝑛, 𝑦𝑖 ∈ {−1,1}, 𝑥 ∈ 𝑅2, the plane separating 
the positive points (𝑦𝑖=1) from the negative points (𝑦𝑖=-1) is identified. The 
points 𝑥 on the plane 𝐹 satisfy 𝑤 ⋅ 𝑥 + 𝑏 = 0, where 𝑤 is normal to the plane, 𝑏 
is the intercept, |𝑏|

‖𝑤‖
 is the distance from the plane to the origin, and ‖𝑤‖ is 

the Euclidean norm of 𝑤 . Let 𝑑+ (𝑑−)  be the shortest distance from the 
separating plane to the closest positive (negative) point. For the linearly 
separable case, the support vector algorithm looks for the separating plane 
with the largest margin (Figure 5.2).  
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Figure 5.2 Linear separating plane 𝐹 in between two margins 𝐻1 and 𝐻2 separates the 
+1 labeled (solid) from the -1 labeled (open) points along a linear component of traffic 
polygon (red polygon) that consists of three lines and one circular arc. 
 
We suppose that all the training data satisfy the following constraints: 
𝑤 ⋅ 𝑥𝑖 + 𝑏 ≥ 1 𝑓𝑜𝑟 𝑦𝑖 = +1 and 𝑤 ⋅ 𝑥𝑖 + 𝑏 ≤ 1 𝑓𝑜𝑟 𝑦𝑖 = −1. They are combined into a 
single set of inequalities that equals: 
 
𝑦𝑖(𝑤 ⋅ 𝑥𝑖 + 𝑏) − 1 ≥ 0 ∀𝑦𝑖 (5.2) 

Margins on both sides of the plane equal 𝑑+ = 𝑑− = 1
‖𝑤‖. Thus we can find a 

pair of planes that gives the largest margin by minimizing ‖w‖ subject to the 
constraints Eq. (5.2). It is possible to alter the equation by substituting ‖𝑤‖ 

with ‖𝑤‖2

2
 (the factor of 1

2
 being used for mathematical convenience) without 

changing the solution. 
 
By using positive Lagrange multipliers 𝛼𝑖 , 𝑖 = 1, … , 𝑛, the previous constrained 
problem can then be expressed as: 

𝐿𝑝 =  
‖𝑤‖2

2 − � 𝛼𝑖𝑦𝑖(𝑤 ⋅ 𝑥𝑖 + 𝑏 − 1)
𝑛

𝑖=1

 (5.3) 

The aim is to minimize 𝐿𝑝  with respect to 𝑤  and 𝑏 . This problem can be 
solved by standard quadratic programming techniques and programs 
(Coleman and Li 1996). 
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5.3.3 Collecting the evidence of circular components and 
optimizing circular arcs 

If the boundary of a traffic island can be modelled individually by straight 
lines, then the background points should be outside of the polygon 
constructed by straight lines. If background points occur within the polygon, 
however, then the local parts of a traffic island might be better described by 
circular arcs.  We consider two geometrical constraints for such an arc: it is 
tangent to the two straight lines on both sides of it and its centre is on the 
bisector of the two neighbouring lines. 
 
We consider a circle with the centre at {𝑥0, 𝑦0}  and a radius of 𝑟 , and 
tangential lines with known parameters 𝑎𝑗 , 𝑏𝑗  𝑎𝑛𝑑 𝑐𝑗 , 𝑗=1,2, i.e. 𝑎1𝑥1 + 𝑏1𝑦1 +
𝑐1 = 0  and 𝑎2𝑥2 + 𝑏2𝑦2 + 𝑐2 = 0 . The bisector of the lines equals 𝑎𝑏𝑥𝑏 + 𝑏𝑏𝑦𝑏 +
𝑐𝑏 = 0. The radius r is described as the distance between {𝑥0, 𝑦0} and the first 
line as 𝑟 = |𝑎1𝑥𝑥0+𝑏1𝑦𝑦0+𝑐1|

�𝑎1
2+𝑏1

2 . The centre of circle is on the bisector, and therefore 

𝑎𝑏𝑥0 + 𝑏𝑏𝑦0 + 𝑐𝑏 = 0. We can substitute values for 𝑟 𝑎𝑛𝑑 𝑦0 in the circle equation 
and derive: 
 

(𝑥𝑖 − 𝑥0)2 + �𝑦𝑖 − (
𝑎𝑏𝑥0 + 𝑐𝑏

−𝑏𝑏
)�

2
=

|𝑎1𝑥0 + 𝑏1𝑦0 + 𝑐1|2

𝑎1
2 + 𝑏1

2  (5.4) 

The linear SVM requires a slack variable  𝑠  equals to the shortest distance 
from the separating circle to the closest positive (negative) point. The margin 
on both sides of the circle equals 𝑑+ = 𝑑− = 𝑠. The pair of circles giving the 
maximum margin by minimizing s is thus subject to following constraints. 
 

𝑠 − 𝑦𝑖 �(𝑥𝑖 − 𝑥0)2 + �𝑦𝑖 − (
𝑎𝑏𝑥0 + 𝑐𝑏

−𝑏𝑏
)�

2
− (

|𝑎1𝑥0 + 𝑏1𝑦0 + 𝑐1|

�𝑎1
2 + 𝑏1

2
)2�

≤ 0 ∀𝑦𝑖 
(5.5) 

Using again positive Lagrange multipliers 𝛼𝑖 , 𝑖 = 1, … , 𝑛,  the previous 
constrained problem can be expressed as: 
 

𝐿𝑐 = 𝑠 − � 𝛼𝑖(𝑠 − 𝑦𝑖 �(𝑥𝑖 − 𝑥0)2 + �𝑦𝑖 − (
𝑎𝑏𝑥0 + 𝑐𝑏

−𝑏𝑏
)�

2𝑛

𝑖=1

− (
|𝑎1𝑥0 + 𝑏1𝑦0 + 𝑐1|

�𝑎1
2 + 𝑏1

2
)2�) 

(5.6) 

The aim is thus to minimize 𝐿𝑐 with respect to 𝑥0 and 𝑠. This problem can be 
solved by standard quadratic programming techniques and programs. 
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5.3.4 Generating random templates by considering 
planimetric errors 

A traffic template extracted from LiDAR data is usually disturbed by 
planimetric errors that affect the parameter estimation of its linear and 
circular components. Several datasets covering the same traffic island can be 
created by contaminating the original point data using planimetric errors. 
Multiple templates are constructed from error-contaminated datasets such 
that they can be treated as a random set for uncertainty modelling. The 
planimetric error has a bivariate normal distribution with a mean of zero and 
standard deviations of σx and σy. 
 
Cohen’s kappa (κ) is commonly used as a measure of agreement between 
model predictions and reality (Congalton 1991), e.g. to test whether an error 
matrix represents a classification result that is significantly better than 
random assignment (Jensen 1996). It was employed in this study to measure 
the agreement between extracted traffic templates and points labelled by 
covering functions. The value of κ is therefore used as an indicator for the 
quality measure of a traffic template.  

5.4 Results and analysis 

5.4.1 Traffic islands localization results 
In total 1258 traffic islands were detected (Figure 5.3 a). Polygons obtained 
in this step consist of a sequence of points without geometrical constraints. 
Twenty traffic islands around a roundabout (Figure 5.1 b) were deliberately 
selected in order to test the performance of current uncertainty modelling 
method (Figure 5.3 b). Identities were given to each polygon for comparison 
and reference purposes. They have diverse shapes and were often rebuilt, 
modified and removed over time to meet the city’s fast development, thus 
can represent the changes on the road for the full city of Enschede. 
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                    (a)                                                           (b) 
Figure 5.3 Traffic islands detected in the city centre of Enschede (a), tick size is 100 m, 
polygons in red square are selected for uncertainty modelling and presented in (b). 

5.4.2 Geometry detection and optimization results 
a) Detecting and optimizing a single traffic island 
Detection of the linear components of a traffic island by RANSAC and 
optimization by SVM are illustrated by [19] (Figure 5.4). In the detection 
phase, the outline specified by the red lines was identified and parameters 
were estimated. This outline was not able to perfectly separate red points 
from blue points (Figure 5.4 a), since the RANSAC did not consider the 
covering functions of points, but served as an initial approximation for 
optimization. After optimization, we note that the green line perfectly 
separates the object points (red) from background points (blue). Margins on 
both sides of optimized lines were maximized using SVM (Figure 5.4 b). The 
circular parts of this traffic island were detected by collected evidence as 
described in Section 5.3.3 and optimized by a modified SVM with a circular 
kernel. The black polygon constructed from shape primitives (Figure 5.4 b) is 
the optimal outline of [19], and thus serves as its template. 
 
b) Twenty polygons 
We next analysed the set of 20 deliberately selected polygons. Good results 
were observed for [2], [3], [5], [6], [7], [8], [9], [10], [11], [15], [16], 
[17], [18], [19] and [20] (Figure 5.5), resulting into a modelling success rate 
of 75%. They are all convex polygons with straight and circular components, 
and thus the high modelling success rate also asserts the simplifying 
assumption that we made in Section 5.3.2. Problems remained for five 
polygons. 
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                             (a)                                                      (b)  
Figure 5.4 Straight lines detected by RANSAC (red) and optimized by SVM (green) (a). 
Optimized outline (black) of a traffic island consists of four straight lines and two 
circular arcs (b). 
 
 [4] cannot be perfectly modelled due to the small components on its 

upper and lower sides. Very few points lying on small components of a 
traffic island lead to an unstable estimation of line parameters. The 
predicted line with too few observations was not considered in the 
current approach, which results into an incomplete outline.  

 
 Inappropriate models are obtained when components of traffic islands do 

not fall into straight lines or circular arcs as is happening for [1], [12], 
and [14]. In these cases, the assumption we made that a traffic island 
consists of lines and circular arcs does not hold and more complex 
components should be considered in order to obtain appropriate 
templates. 

 
 [13] finally shows a failure of graph-segmentation algorithm. This 

polygon has the largest area among all selected polygons and therefore 
has the highest number of points. A large number of points in a graph 
increase the complexity of energy minimization and result in an incorrect 
segmentation (Boykov et al. 2001). 
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Figure 5.5 Modelling results of 20 selected polygons, green lines are linear components 
optimized by SVM, black polygons are complete models of traffic islands, points on 
both sides of a polygon with covering functions of above 0.5 (red) and below 0.5 
(blue). Tick size is 1 m. 
 
c) Quality measures for traffic templates 
Fifteen successfully modelled polygons as described in the previous section all 
have a κ value above 0.72 (Table 5.1). Among them, [2] and [3] have κ 
values of 0.75 and 0.72 respectively, whereas all other polygons have κ 
values above 0.84. Both [1] and [4] have a κ value of zero because of the 
incomplete outlines and the same κ  value for [13] due to the failure of 
segmentation. Although both [12] and [14] have a complete outline, their κ 
values are only 0.15 and 0.67, respectively. This is due to the fact that their 
components are neither lines nor arcs, and thus have a shape that is outside 
of our simplifying assumption.  
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Table 5.1 Geometrical properties and quality measures of traffic templates.  
Polygon ID Area (m2) Perimeter (m) 𝜌 (κ) 
[1] 50.83 43.42 0.026 0 
[2] 20.18 17.71 0.064 0.75 
[3] 8.99 13.17 0.051 0.72 
[4] 12.57 22.99 0.023 0 
[5] 28.05 23.89 0.049 0.98 
[6] 5.07 10.28 0.047 0.84 
[7] 58.96 36.71 0.043 0.97 
[8] 6.71 11.59 0.049 0.99 
[9] 12.13 14.47 0.057 0.98 
[10] 16.60 17.85 0.052 0.97 
[11] 36.33 31.65 0.036 0.99 
[12] 62.12 50.55 0.024 0.15 
[13] 100.55 116.06 0.007 0 
[14] 16.09 32.08 0.015 0.67 
[15] 10.98 14.62 0.051 0.97 
[16] 15.92 18.38 0.047 0.85 
[17] 11.49 14.50 0.054 0.99 
[18] 10.77 14.42 0.051 0.98 
[19] 16.68 16.41 0.061 0.99 
[20] 17.72 25.24 0.027 0.95 

 
The compactness of an object or shape is measured by the ratio 𝜌 = area ×
perimeter−2 (Bogaert et al. 2000). Mostly the compactness of an object affects 
the modelling of its shape and therefore, besides considering κ, ρ can also be 
a good indicator for the quality measure, since it is highly correlated to κ with 
a value of 0.72 (Figure 5.6). A higher value of ρ and κ indicates the higher 
quality of traffic island modelling. 
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Figure 5.6 Correlation between 𝜅 and 𝜌 is equal to 0.72. 

5.4.3 Uncertainty modeling results 
In this study, a random set consists of a group of random templates that are 
represented by two geometrical components. For comparison, the uncertainty 
modelling results for four polygons by a non-geometrical constrained random 
set is described here, taking [19] as an example (Figure 5.7). For a non-
geometrical constrained random set, the areas of  Γ𝑐  and  Γ𝑠  are equal to 
11.92 m2 and 20.37 m2, respectively, and the area of 𝑇 equals 8.52 m2. The 
results in current approach show that the areas of  Γ𝑐  and  Γ𝑠 are equal to 
14.37 m2 and 16.15 m2, whereas area of 𝑇 reduces to 1.78 m2.  
 

  
                          (a)                                                       (b) 
Figure 5.7 Uncertainty modelling based on a non-geometrical constrained random set 
(a) and current method (b) for traffic island [19], red polygon in (b) is the Fréchet 
expectation of a random set. 
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We observe from Table 5.2 that the core sets 𝚪𝐜 of four traffic islands have 
increased by employing the current method. The maximum and minimum 
increases are 2.64 m2 and 1.1 m2 for [17] and [18], respectively. In contrast, 
the Γs  areas have decreased for the four polygons. The maximum and 
minimum decreases are 4.22 m2 and 1.06 m2 for [19] and [17], respectively. 
As a result, the areas of transition zones all reduced for these four polygons.  
The area of transition zones of [19] has reduced by 6.67 m2, which shows a 
maximum reduction of 79% in area. The transition zones are all below 2 m2, 
which indicates that the modelling results have been improved in terms of 
area, since a smaller area of transition zone shows a less uncertainty of a 
traffic island. Additionally, the geometry of all polygons is also enhanced by 
using geometrical primitives. The uncertainty modelling by the current 
method has improved the results in terms of area and geometry. 

5.5 Discussion 
The boundary of a traffic island in this experiment was assumed to consist of 
two types of geometrical components: straight lines and circular arcs. By 
using these two components to describe a traffic island, estimation of areal 
and geometry uncertainty is improved. One of the limits of our approach is 
that it is model dependent. By using two shapes, the modelling procedure 
remains simple and well interpretable and is able to approximate contours of 
a large number of man-made objects. Some polygons with other components 
than lines and circular arcs are more difficult or impossible to be modelled by 
the current approach (Figure 5.5). A group of additional shapes might include 
ellipses and polynomials or splines of different degrees.  As our intention was 
to have a sparse but well interpretable model we leave this for future 
research. 
 
Table 5.2 A comparison between modelling results by a non-geometrical constrained 
random set and current study on four traffic islands, 𝑇𝑛𝑔𝑐  and 𝑇𝑔𝑐  are the transition 
zones by a non-geometrical constrained random set and current study, respectively. 

Polygon 
ID 

Non-geometrical constrained 
random set 

Geometrical constrained 
random set 

Γc (m2) Γs (m2) Tngc (m2) Γc (m2) Γs (m2) Tgc (m2) 

[15] 8.01 12.85 4.84 9.79 11.65 1.86 

[17] 8.92 14.01 5.09 11.56 12.95 1.39 

[18] 7.93 13.03 5.1 9.03 10.98 1.95 

[19] 11.92 20.37 8.45 14.37 16.15 1.78 
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The idea of incorporating human interpretation into traffic island modelling is 
inspired by the Minimum Description Length. Similar approaches, such as 
deformable templates (Yuille et al. 1992), or active appearance models 
(Cootes et al. 2001) could be used as an alternative when the object of 
interest is known and an initial estimate of its size and location can be 
obtained. They are however less suited for the current study, since traffic 
islands cannot be modelled by a single shape model. The MDL Principle is a 
relatively recent method for inductive inference that provides a generic 
solution to the model selection and parameter estimation problem. The 
inference was conducted in two separate steps, where RANSAC and SVM 
were employed for template component detection and parameter estimation. 
Accurate line parameters can be estimated from any dataset by using least 
squares (Fitzgibbon et al. 1999). They are however less suited for this 
application, since our objects are modelled from observations using a 
covering function, thus identifying the uncertainty as the probability of a 
point belonging to an object or background. 
 
RANSAC was used in this study to detect the geometrical components of a 
traffic polygon. It can estimate the parameters with a high degree of 
accuracy when a significant number of outliers are present in the dataset. Its 
disadvantage is that it may offer a compromised solution while the 
observations along a traffic component are not sufficient. In this case, by 
computing a greater number of iterations the probability of a reasonable 
model being produced is not increased. Another disadvantage of RANSAC is 
that it requires the setting of problem-specific thresholds. RANSAC estimates 
a single model for a particular data set. This is a good option in current 
study, since the aim was to estimate the components of a traffic island on an 
individual basis. 
 
Graph-based segmentation was also used in the previous study (Zhou and 
Stein 2013b) to make a piecewise separation between points on traffic 
islands and road surfaces in particular for traffic islands with relatively small 
areas. In the current paper, the study area was extended to a larger part of 
the city of Enschede, where elongated traffic medians were encountered. 
These medians normally cover large areas and contain a large number of 
points. Such a large number of points in a graph increases the complexity of 
energy minimization and results into incorrect segmentation. 
 
Random sets are applied in this work have shown their benefits when 
modelling the uncertainty of traffic islands derived from laser points. As an 
extension of previous work (Zhou and Stein 2013b), random templates 
constructed from geometrical components namely lines and arcs were used 
as realizations of a random set. The study shows that the uncertainty 
modelling results were significantly improved in terms of area and geometry. 
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The area of transitional zone was largely reduced by employing the random 
templates, which indicates the modelling accuracy is greatly increased. 
 
In addition to consider the geometry of a traffic island itself, use of a 
particular type of knowledge, namely context, becomes more important in 
case of extraction of new objects (Baltsavias 2002). The context, more 
specifically object relations, may come from existing or newly extracted 
objects, e.g. the position of new roads is commonly related to existing roads 
or to new buildings. If a group of traffic islands is located along a road, parts 
of their boundaries next to the road should form a shape of road trajectory. 
This type of contextual information can also be brought into uncertainty 
modelling and should be explored in future work. 
 
Currently, research in the database field gradually starts allowing for 
uncertainties. A standard assumption for conventional spatial databases has 
been that the positional attributes of spatial objects are known precisely. 
Uncertainties in map databases however can arise from several sources. Most 
of the existing approaches for management of probabilistic data are based on 
the relational model and use fuzzy set theory (Hunter and Beard 1992; 
Robinson 2003). Such approaches are hardly suited for representing 
uncertainties at both the numeric and the existence levels. Traffic islands 
modelled by random sets in this study serve as a good solution for including 
uncertainties in spatial databases. 

5.6 Conclusions 
In this study we have used random set to model traffic islands and their 
uncertainties. In doing so, human interpretation on traffic islands could be 
incorporated. Traffic island polygons acting as realizations of random sets 
were described as random templates constructed from geometrical elements 
namely lines and arcs and no longer presented as random contours. In this 
way the human interpretation was transformed into a geometrically 
constrained random set. The study showed a significant improvement on the 
uncertainty modelling as compared to the results acquired from a non-
geometrically constrained random set. The results show that 75% of the 
traffic islands was properly detected and modelled by random templates. For 
the modelled polygons, the transition zones were reduced to below 2 m2, 
resulting into a 79% of reduction in area size. Traffic islands modelled in this 
way serve as a good solution for including uncertainties in spatial databases. 
The idea of incorporating human interpretation into uncertainty modelling can 
be extended towards other uncertainty modelling problems if basic 
knowledge is available. More accurate modelling of an uncertainty problem 
may then improve the quality of other applications in an urban environment. 
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Synthesis 

This Chapter presents the conclusions to the objectives and research 
questions outlined in Chapter 1 based on the research findings of Chapters 2-
5.  

6.1 Conclusions 
Question 1: How to detect and model the traffic islands from both ALS and 
MLS data and what is the accuracy of the extracted traffic island polygons? 
 
In Chapter 2, I formulated and demonstrated an operational workflow for the 
detection and modelling of curbstones in urban areas, where curbstones are 
often used to separate the road surface from the adjacent pavement. The 
only requirement of the current algorithm is that the curbstone height 
exceeds a threshold HV. For our data HV = 3.5 cm. If the curbstone height is 
varying (but above HV) the curbstones will be detected well. In hilly terrain 
the detection will also succeed, but in the fitting procedure the sigmoid 
function will need one additional parameter that models the slope of the 
road. The accuracy of road side delineation was significantly improved by 
fitting a sigmoid shaped surface. I concluded that the automated extraction 
of road sides from point clouds is feasible and may be of use in mapping 
processes if the road sides are bounded by unoccluded curbstones. 
 
GPS measurements were taken to analyse the performance of the road side 
detection. The analysis showed that the completeness in Airborne Laser 
Scanning (ALS) data varying between 53% and 92% is higher than that in 
Mobile Laser Scanning (MLS) data ranging from 54% to 83%, depending on 
the amount of parked cars occluding the curbstones. The RMS value in the 
comparison with the GPS points measured from ground survey was 0.11 m in 
ALS data and 0.06 m in MLS data respectively. I concluded that the method 
introduced in this study is able to produce road maps with high accuracy for 
updating large-scale road databases using both ALS and MLS data and can 
thus be recommended for urban road inventories. 
 
Question 2: How to use random sets to model the uncertainty of extracted 
traffic islands and what is the advantage of using random sets over 
traditional uncertainty modelling approaches? 
 
In Chapter 3, I proposed and implemented an uncertainty modelling method 
that integrated random sets with curbstone detection algorithm described in 
Chapter 2. Planimetric errors in LiDAR data can be properly modelled by 
simulation methods. By applying the developed road detection procedure to 
simulated data, road polygons thus derived contain the uncertainty in the 
point data itself and also those obtained during data processing. Each road 
polygon is then treated as an element of a random set, which can spatially 
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model objects with uncertain boundaries. Random sets applied to road 
polygons are useful for modelling the uncertainty, which is not clearly 
addressed in either traditional analytical methods or other popular methods. 
A statistical analysis of random sets is encouraging for determining and 
characterising the variation of the uncertainty in detected road polygons. In 
traditional methods, the correlation between the adjacent vertices of an 
object is not explicitly modelled or taken into account. This study shows that 
simulating the correlation between the vertices and experimenting with 
different possibilities the model’s sensitivity is clearly determined. I 
concluded that random sets provide useful spatial information on 
uncertainties using their basic parameters like the core, mean and support 
set, and are well-suited to model the uncertainty of road polygons extracted 
from point data. 
 
Question 3: How to model the integrated impact of planimetric and vertical 
errors in the laser data as well as the point density on the uncertainty of 
extracted traffic island polygons? 
 
In Chapter 4, we extended the modelling method described in Chapter 3 by 
considering model the integrated impact of planimetric and vertical errors in 
the laser data as well as the point density on the uncertainty of extracted 
traffic islands. We combined random sets with graph-based point processing 
algorithms for spatial data quality modelling of point clouds. The graph-based 
approach is flexible and can be adapted to point data with different spacings. 
Random sets were useful to model different sources of uncertainty in spatial 
objects derived from 3D laser points and have a range of advantages. In 
particular they were suitable for modelling transitional regions with non-
uniform width, were able to deal with spatial variation and required non-
predefined membership functions. The mobile laser scanning data were 
helpful to generate datasets with different point densities, and as a result, 
the relation between the accuracy and the point spacing was analysed. The 
random method expressed intrinsic uncertainties in the data and data-
processing uncertainties in their manifestations and integrated these 
uncertainties with empirical data. The study showed that point spacing has 
the largest contribution to the positional accuracy of a traffic island. The area 
of the transition zone has a linear relation with the planimetric errors, 
whereas the influence of the vertical errors on the accuracy decreases with 
increasing point spacing. The study demonstrated how different sources of 
uncertainty can be integrated. We concluded that modelling of traffic islands 
by random sets provides meaningful information to integrate uncertainties. 
Question 4: How to improve the uncertainty modelling accuracy by 
considering the geometry and morphology of traffic islands? 
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In Chapter 5, in order to improve the modelling accuracy, we proposed and 
described an approach that can consider the geometry and morphology of 
traffic islands. Traffic islands as 2D objects are decomposed into a sequence 
of geometrical primitives. Two types of those, namely lines and arcs, are 
commonly used concrete elements in road construction when building traffic 
islands. Traffic island polygons acting as realizations of random sets were 
described as random templates constructed from geometrical elements 
namely lines and arcs and no longer presented as random contours. The 
study showed a significant improvement on the uncertainty modelling as 
compared to the results acquired from a non-geometrically constrained 
random set. The results show that 75% of the traffic islands was properly 
detected and modelled by random templates. For the modelled polygons, the 
transition zones were reduced to below 2 m2, resulting into a 79% of 
reduction in area size. I concluded that traffic islands modelled in this way 
serve as a good solution for including uncertainties in spatial databases. The 
idea of incorporating human interpretation in the form of random templates 
into uncertainty modelling can be extended towards other uncertainty 
modelling problems if basic knowledge is available. More accurate modelling 
of an uncertainty problem may then improve the quality of other applications 
in an urban environment. 

6.2 Reflections 

6.2.1 On roadway inventories 
Transportation sections require some types of roadway inventories. Those 
inventories are used to identify the quality of the road, but can be used for 
multiple other purposes as well. Keeping roadway information up to date is 
essential for road design, planning, maintenance, and rehabilitation. Common 
inventory data include roadway geometry, signs, signals, pavement 
markings, pavement quality, roadside objects, bridges, and driveways. Field 
surveying used for that purpose applies electronic distance measurements 
and photogrammetry based techniques, that are although accurate but rather 
time consuming and labour-intensive. Traditionally, a single person might 
take measurements along the roadside using a total station to find the grade 
or side slopes of the road. Measurements are then recorded in a field book 
and later transferred to the roadway inventory database from which 
necessary information is extracted. Though most of this information might be 
available in the original design plans, roadway elements like the position and 
geometry of traffic islands might change with time due to e.g. construction 
works and vegetation growth. These are some reasons to update inventory 
information regularly. 
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LiDAR technology offers the potential to collect some roadway inventory 
elements that are difficult to collect by traditional inventory data collection 
methods. In Chapter 2, LiDAR data were utilized to obtain roadway 
geometries without physically going to the field. The developments presented 
here contribute to the fast roadway inventory, and focuses are specifically on 
the fast acquisition of roadway geometries. Quality measures addressed in 
this study provide a good reference for transportation sections to evaluate 
the accuracy and reliability of produced inventory data. As an active remote 
sensing system, LiDAR does not require the extensive use of labour in 
surveying big patch of land, and is thus a safer way for data collection since 
data collectors are not exposed to roadway traffic hazards.  

6.2.2 On the identification of potential road hazard location 
Damaged road surfaces such as ruts, cracks, or potholes are often caused by 
heavy traffic flow and extreme weather conditions like heavy rains and 
snowstorms. Such inappropriate surface conditions may pose severe hazards 
to drivers.  Road hazard locations are essential for transportation sections to 
prioritize roadway maintaining efforts.  Road centreline 3D coordinates, 
aspect data, and etc. are urgently needed to identify potentially dangerous 
shaded, steep slopes over large geographic areas. 
 
The road maps extracted from a pre-stage LiDAR surveying can not only 
serve as road centrelines but also as accurate road boundaries in a 3D 
environment. With the assistance of 3D road boundaries, road surface 
characteristics are able to be derived from an after-stage LiDAR data, and 
used to find roadway slopes and orientation. Thus, one is able to rapidly 
identify potentially hazardous roadway segments having a high likelihood of 
being dangerous. 
 
Once hazardous road segments are identified, it is possible to mitigate the 
dangers to drivers. A reactive response might be to direct maintenance 
personnel to these road segments to quickly initiate remediation methods. 
For these responses, an accurate 3D road map is also important to find a 
quick orientation and navigation, e.g. to ensure that appropriate traffic 
control devices, such as warning signs, are in place to draw attention to the 
potential hazards. A long term response might be to modify the roadway 
geometry to reduce its slope and change its orientation. For this purpose, 
accurate road geometries as proposed in Chapter 2 might improve road 
infrastructure upgrading. 

6.2.3 On the quality of urban inventories 
With the growing interest of using LiDAR technology for urban inventories, 
emphasis of end users is gradually given to the importance of reporting the 

 97 



Synthesis 

associated quality and uncertainty of obtained results. The accuracy derived 
from LiDAR analysis determines the fitness for use of the products, the 
interest of adopting LiDAR solution, and the amount of work involved in field 
practices. Apart from the techniques used in data acquisition, end users all 
more considered about the accuracy and reliability of products. In the LiDAR 
data processing, the quality of information depends on the spatial 
phenomena under consideration, the quality of input data, and the methods 
used to produce information. In conventional data quality reports, areal 
objects such as roads and buildings were used as hard sample units and their 
boundaries are considered static or unchangeable and homogeneous inside. 
At least, object boundaries were obtained by means of the evaluation of 
membership functions, thus varying when different characteristics and 
parameters if an object-based approach would be applied. It is important that 
objects have been correctly extracted and that their spatial extent and 
location are accurately measured. As presented in Chapters 3 and 4, random 
sets provide useful spatial information on uncertainties using their basic 
parameters obtained from their probability distributions. The data quality 
measure conducted upon random sets allows end users more fruitful 
information than the traditional crisp approach. 

6.2.4 On uncertainty modeling 
Uncertainty modelling of objects extracted from remote sensing data might 
include errors caused by the data themselves as well as by their processing. 
The modelling should consider the errors that propagate all along the 
processing chain, from sensor design through data acquisition and data 
processing towards generating the final products. Conventional object 
modelling techniques in remote sensing are in principle deterministic and 
provide unique predictions. Those, however, are based on limited or 
uncertain information on the underlying modelling parameters. Stochastic 
approaches enable the modelling and simulation of uncertain or variable 
processes. The stochastic approach presented in Chapter 4 is based on 
random sets and can explicitly model the uncertainty in extracted objects 
caused by the errors propagating along the entire processing chain. 
 
Quantification of extensional uncertainty is essential to evaluate the quality of 
segmentation. Random sets serve as an interesting and important probability 
based method. Several similarities exist with fuzzy sets that have been used 
extensively in the past. For example, the empirical covering function for an 
individual point as used in random sets can be interpreted as the fuzzy 
membership value for that point, thus equating the probability of covering 
the point by the segmented object with membership to a class. Random sets 
have advantages over fuzzy logic based membership functions, as they are 
suitable for modelling transitional regions with non-uniform width. 
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Incorporating domain knowledge (contextual knowledge) into the uncertainty 
modelling process is an effective way to improve learning accuracy. In some 
cases such knowledge may be incorporated by modifying the underlying 
statistical model or the learning process such that the modelling accuracy can 
be substantially improved, especially when the training data are scarce. As 
shown in Chapter 5, the modelling accuracy largely improves by 
incorporating the knowledge of traffic islands into random sets. This indicates 
that incorporating domain knowledge into uncertainty modelling can be 
extended towards other uncertainty modelling problems if basic knowledge is 
available. More accurate modelling of an uncertainty problem may then 
improve the quality of other urban applications. 

6.2.5 On the representation of uncertain objects in databases 
Spatial database systems and geographical information systems are currently 
able to support geographical applications that deal with crisp spatial objects, 
that are objects whose extent, shape, and boundary are precisely 
determined. Managing and manipulating uncertainties in spatial databases 
are important problems for various practical applications of geographic 
information systems. Recently, geographical applications and GIS have 
shown increasing interest in data models for spatial data that are 
characterized by the inherent feature of spatial vagueness or spatial 
indeterminacy (Burrough and Frank 1996). The reason for this interest is that 
the current mapping of spatial real world phenomena exclusively with crisp 
spatial objects has turned out to be an inadequate abstraction for many kinds 
of spatial data. Lakes, for example, have extensions depending on pluvial 
activity, whereas the size of oil spills in many cases can only be guessed. 
Consequently, applications based on indeterminate spatial data are not 
covered by current GIS and SDBS. 
 
Most existing approaches for management of probabilistic data are based on 
the relational database model and use fuzzy set theory. They are useful for 
representing uncertainty at the symbolic level. In addition to the symbolic 
uncertainty, sensor-processing tasks involve uncertainties at both the 
numeric and the existence levels. Supporting these types of uncertainty using 
fuzzy logic is fundamentally difficult in the relational model. Random sets 
enable the representation of spatial objects with extensional uncertainties in 
spatial databases and might have several advantages over fuzzy logic 
approach. Firstly, they can describe an object with a non-uniform transition 
zone and do not require a pre-defined membership function. Secondly, areal 
objects such as traffic islands and buildings treated as random objects have 
multiple realization polygons that can be easily implemented and realized in 
current relational databases. Basic parameters of random sets derived from 
their probability distributions can not only better support spatial queries in 
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relational databases but also include uncertainties in spatial operations and 
topological predicates.  

6.3 Recommendations 
Based on the use of random sets for uncertainty modelling of traffic islands 
derived from ALS data, the following recommendations are made: 
The localization accuracy of road sides as well as the completion of the 
detection may be further improved by the integration with imagery. In most 
laser scanning surveys cameras are used to simultaneously acquire optical 
imagery. If the spatial resolution of this imagery is usually higher than that of 
the point cloud, the imagery can be used to obtain more accurate road side 
outlines. This would lead to a strategy where the point cloud processing is 
primarily targeting a reliable detection of the road sides and where the image 
analysis is responsible for the accurate outlining. 
 
In case of the extraction of new objects, the use of context knowledge 
becomes more important in addition to considering on the geometry such an 
object (Baltsavias 2002). The context, more specifically object relations, may 
come from existing or newly extracted objects, e.g. the position of new roads 
is commonly related to existing roads or to new buildings. If a group of traffic 
islands is located along a road, parts of their boundaries next to the road 
should form a shape of road trajectory. This type of contextual information 
can also be brought into uncertainty modelling and should be explored in 
future work. 
 
The boundary of a traffic island in this experiment was assumed to consist of 
two types of geometrical components: straight lines and circular arcs. By 
using these two components to describe a traffic island, estimation of areal 
and geometry uncertainty is improved. One of the limits of our approach is 
that it is model dependent. By using two shapes, the modelling procedure 
remains simple and well interpretable and is able to approximate contours of 
a large number of man-made objects. Some polygons with other components 
than lines and circular arcs are more difficult to be modelled by the current 
approach. Additional shapes might include ellipses and polynomials or splines 
of different degrees. As my intention was to have a sparse but well 
interpretable model I leave this for future research. 
 
A road detection algorithm was developed to obtain the geometry of traffic 
islands in ALS data. These traffic polygons were treated as realizations of a 
random set that were used to estimate its distribution. Current image mining 
is a computational process of discovering patterns in large spatial data 
sets involving methods at the intersection of artificial intelligence, machine 
learning, statistics, and database systems. It is therefore possible to apply 
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advanced image mining methods to road detection. This likely improves the 
accuracy of road detection and therefore eventually benefit towards 
uncertainty modelling. 
 
Image fusion techniques are widely researched with a focus on multi-sensor 
datasets acquired from similar platforms. These techniques will need to be 
extended to handle multi-sensor, multi-platform datasets. Integrating two 
multi-sensor, multi-platform datasets provides an environment to understand 
the various issues. Image fusion will then play a pivotal role in ensuring that 
data processing and geo-information generation keeps pace with 
developments in the data acquisition field. Current methods concentrate on 
modelling uncertainty caused by different factors existing in a single dataset. 
Future research might address the use of random sets to model the 
uncertainty that arises from the integration of multi-sensor and multi-
platform datasets. 
 
The present technical performance of laser scanning systems will be 
extended and used in more diversified applications. Pulse rates and 
resolution, in terms of size and spacing of footprints, may become more 
adaptive. If more information can be collected such as texture then different 
materials can be identified such as concrete or asphalt at the surface of an 
object. Furthermore, the LiDAR system accuracy may increase, and higher 
flying heights will provide larger area coverage.  
 
Although traditional uses of airborne LiDAR are mainly concentrated on the 
forestry, mining, oil and gas industries. The creation of 3D virtual city models 
from LiDAR is quickly gaining acceptance. With regard to their effectiveness I 
notice a growing trend of using 3D city models from road inventories to 
inventories of other essential objects such as buildings and vegetation. This 
applies not only for urban planning but also for noise mapping, flood water 
simulation and radio network optimization. As municipalities face on-going 
challenges to create sustainable, environmentally-friendly urban 
environments, more and more use will emerge for geospatial information to 
answer key questions concerning transportation networks, and traffic safety 
and security. 
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Summary 
This dissertation considered very high density of airborne laser points for the 
identification of traffic islands, and analysis focused on issues of spatial 
uncertainty. 
 
First, it was analysed to what extent road sides can be mapped in point 
clouds of high point density. In urban areas curbstones are often used to 
separate the road surface from the adjacent pavement. These curbstones 
were mapped in a three step procedure. GPS measurements were taken to 
analyse the performance of the road side detection. The study showed that 
the automated extraction of road sides from point clouds was feasible and 
may be of use in mapping processes if the road sides are bounded by 
(unoccluded) curbstones. It further showed that the completeness in Airborne 
Laser Scanning (ALS) data varied between 53% and 92%, and is higher than 
that in Mobile Laser Scanning (MLS) data, ranging from 54% to 83%, 
depending on the amount of parked cars occluding the curbstones. The RMS 
value in the comparison with the GPS points measured from ground survey 
was 0.11 m in ALS data and 0.06 m in MLS data, respectively. 
 
Second, random sets were used to model the uncertainty in extracted traffic 
polygons by considering the impact of planimetric errors in laser points. 
Based on the accuracy reported by the data provider, positional errors in 
laser points were simulated by a Markov Chain Monte Carlo method. An 
algorithm was developed to detect the positions of road polygons in the 
simulated data and to integrate random sets into uncertainty modelling. The 
algorithm was adapted to point data with different densities and of varying 
distributions. Uncertainty modelling included modelling of the dependence 
between the vertices of a road polygon. Road polygons constructed from 
vertices with different truncated normal distributions along with their 
uncertain line segments were represented by random sets, and their 
parameters were estimated. The effect of distributions on the area of the 
mean set was analysed and validated by a set of reference data collected 
from GPS measurements and image digitising. The study showed that 
random sets provided useful spatial information on uncertainties using their 
basic parameters derived from probability distributions and were well-suited 
to model the uncertainty of road polygons extracted from point data. 
 
Third, a new method was introduced to model the uncertainty from 
planimetric errors, vertical errors and point density. The uncertainty in 
extracted road polygons was defined as the lack of accuracy and its 
importance was analysed by modelling each traffic island as a random set. 
The covering functions of the point data and their intermediate locations were 
determined by point segmentation, followed by interpolation. In this way, 
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Summary 

traffic islands were delineated from the background with a transition zone. It 
showed that point spacing has the largest contribution to the positional 
accuracy of a traffic island. The area of the transition zone has a linear 
relation with the planimetric errors, whereas the influence of the vertical 
errors on the accuracy decreases with increasing point spacing. Experiments 
were conducted to investigate the influences of the parameters in an SDQ 
analysis. The study demonstrated how different sources of uncertainty can be 
integrated. It further showed the advantages of using random sets for SDQ 
modelling and providing meaningful information to integrate uncertainties.  
 
Fourth, a geometrically constrained random set was introduced to improve 
the accuracy of uncertainty modelling. Road databases containing traffic 
islands have to be updated regularly, whereas uncertainty information is 
lacking. The minimum description length principle allowed us to construct a 
traffic polygon from shape primitives using lines and arcs. Such a traffic 
polygon was used as a template of a traffic island. Multiple templates were 
treated as realizations of a random set that was used in turn to conduct an 
uncertainty analysis. The results showed that 75% of the traffic islands was 
properly detected and modelled by random templates, whereas the transition 
zone was reduced up to 79% in area size. Modelling traffic islands by random 
sets thus served to include uncertainties into spatial databases.  It was 
concluded that random sets with geometrically constrained realizations 
offered an improved way to model the uncertainty of traffic islands extracted 
from airborne laser points in a generic way. 
 
For the future, the results from this research can be used to construct a 
generic system for fast 3D urban modelling from LiDAR data. The workflow 
ranging from object detection to uncertainty modelling can be fully 
transferred to the production of other urban objects such as buildings, 
vegetation.  
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Samenvatting 
Dit proefschrift richt zich op de identificatie van verkeerseilanden uit airborne 
laser punten van een zeer hoge dichtheid. Het concentreert zich met name 
op aspecten van een ruimtelijke onzekerheid analyse. 
 
De eerste studie analyseert in welke mate wegkanten kunnen worden 
geïdentificeerd uit puntwolken van een hoge dichtheid. In stedelijke gebieden 
worden trottoirbanden vaak gebruikt om het wegdek te scheiden van de 
aangrenzende stoep. Deze trottoirbanden zijn geïdentificeerd via een drie 
staps procedure. GPS metingen zijn meegenomen bij het analyseren van de 
prestaties van de weg kant detectie. De studie toont aan dat de 
geautomatiseerde extractie van bermen van puntenwolken haalbaar is en 
nuttig kan zijn bij het in kaart brengen van bermen als ze worden begrensd 
door trottoirbanden. De volledigheid in Airborne Laser Scanning (ALS) 
gegevens varieert tussen de 53% en 92%, en is hoger dan die in mobiele 
Laser Scanning (MLS) gegevens, waar deze varieert tussen 54% en 83%, 
afhankelijk van de hoeveelheid geparkeerde auto’s die de stoepranden 
bedekken. De RMS-waarde in de vergelijking met de GPS-punten gemeten 
vanaf de grond was respectievelijk 0.11 m in ALS gegevens en 0.06 m in MLS 
gegevens. 
 
Als tweede studie zijn random sets gebruikt om het model van de 
onzekerheid in de geëxtraheerde verkeerspolygonen door de voortplanting 
van planimetrische fouten in laser punten te kwantificeren. Gebaseerd op de 
nauwkeurigheid die is opgegeven door de gegevensprovider zijn positionele 
fouten in laser punten gesimuleerd via Markov Chain Monte Carlo methoden. 
Een algoritme is ontwikkeld om de hoekpunten van verkeerspolygonen in 
gesimuleerde gegevens te detecteren en deze te integreren met random set 
modellering van onzekerheid. Het algoritme werd aangepast aan de punt 
gegevens met verschillende dichtheden en met verschillende distributies. 
Modellering van onzekerheid neemt op deze manier het modelleren mee van 
de afhankelijkheden tussen de hoekpunten van een verkeerspolygoon. 
Verkeerspolygonen opgebouwd uit hoekpunten met verschillende afgekapte 
normale verdelingen samen met hun onzekere lijnsegmenten worden op die 
manier gerepresenteerd door random sets en hun parameters zijn geschat. 
De effecten van distributies op de oppervlakte van de random set zijn 
geanalyseerd en gevalideerd via GPS gegevens en door de afbeelding te 
digitaliseren. De studie toont aan dat random sets nuttige ruimtelijke 
informatie verschaffen over onzekerheden in de vorm van parameters 
afgeleid uit kansverdelingen. Random sets zijn geschikt voor het modelleren 
van de onzekerheid van verkeerspolygonen die zijn geëxtraheerd uit 
puntgegevens. 
 

 



Samenvatting 

De derde studie introduceert een nieuwe methode om de onzekerheid van 
planimetrische fouten, verticale fouten en punt dichtheid te modelleren. De 
onzekerheid in de geëxtraheerde verkeerspolygonen is gedefinieerd als het 
gebrek aan nauwkeurigheid en het belang ervan is geanalyseerd door elk 
verkeerseiland als een random set te modelleren. De bedekkingsfuncties van 
de puntgegevens en hun tussenliggende locaties zijn vastgesteld door middel 
van punt segmentatie, gevolgd door interpolatie. Op deze manier zijn 
verkeerseilanden afgebakend van de achtergrond via een overgangszone. De 
studie toont aan dat punt afstand de grootste bijdrage tot de positionele 
nauwkeurigheid van een verkeerseiland heeft. Het gebied van de 
overgangszone heeft een lineaire relatie met de planimetrische fouten, terwijl 
de invloed van de verticale fouten op de nauwkeurigheid afneemt met 
toenemende afstand tot een punt. Experimenten zijn uitgevoerd om de 
invloeden van de parameters te onderzoeken via een SDQ analyse. De studie 
toont aan hoe verschillende bronnen van onzekerheid geïntegreerd kunnen 
worden. Daaruit blijken de voordelen van het gebruik van random sets voor 
een SDQ modellering en een zinvolle informatie te geven bij het integreren 
van onzekerheden. 
 
De vierde studie introduceert geometrisch beperkte random sets ter 
verbetering van de nauwkeurigheid bij het modelleren van onzekerheid. 
Straat databases met verkeerseilanden moeten regelmatig worden bijgewerkt 
terwijl informatie over de onzekerheden ontbreekt. Het beginsel van de 
minimale beschrijvende lengte is gebruikt voor het opbouwen van 
verkeerspolygonen met behulp van vormprimitieven die bestaan uit lijnen en 
bogen. Deze verkeerspolygonen zijn gebruikt als random sjablonen voor een 
verkeerseiland. Meerdere sjablonen zijn beschouwd als realisaties van een 
random set, die op zijn beurt is gebruikt bij het uitvoeren van een 
onzekerheidsanalyse. De resultaten tonen aan dat 75% van het 
verkeerseilanden naar behoren is ontdekt en gemodelleerd door random 
sjablonen, waarbij dat de onzekere overgangszone is teruggebracht tot 79% 
in oppervlakte. Modellering van verkeerseilanden door random sets is dus 
nuttig bij het opnemen van onzekerheid in ruimtelijke databases. We kunnen 
concluderen dat geometrisch beperkte random sets een betere manier bieden 
om de onzekerheid van verkeerseilanden geëxtraheerd uit airborne laser 
punten te modelleren in een algemene manier. 
 
In de toekomst kunnen de resultaten van dit onderzoek worden gebruikt voor 
de bouw van een generieke systeem voor een snelle en efficiënte 3D 
stedelijke modellering uit LiDAR gegevens. De procedure die loopt van object 
detectie tot onzekerheid modellering kan mogelijk ook worden gevolgd voor 
de productie van andere stedelijke objecten zoals gebouwen en vegetatie. 
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